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PREFACE 

A LARGE number of books on Mechanics have appeared 
more or less recently — some of them excellent — so that an 
author who ventures to add to their number feels bound 
to offer some explanation During my long activity as a 
teacher I have frequently obscived that the difficulties 
with which the student has to contend when he first enters 
the realm of theoretical physics are more often concerned 
not with the mathematical form, but with the physical 
content of the ideas which are presented to him It is 
not the calculations with equations that cause him most 
trouble, but the setting up of the equations and, in 
particular, their interpretation The chief purpose of the 
present volume is to lend him a helping hand in this 
respect It is intended primarily for those students of 
science who are already in possession of a certain amount 
of mathematical knowledge, being familiar with the ele- 
ments of Analytical Geometry and of the Infinitesimal 
Calculus The particular method which I have proposed 
to myself is that of presenting the structure of Mechanics 
not as something already given, but as something which 
has been evolved step by step , the student is not, so to 
speak, led along in the direction traditionally prescribed 
by the classical writings of science, but rathei is advised 
and occasionally warned at the decisive turning-points, 
in order that something of that particular pleasure may 
be retained which every person of independent thought 
experiences when advancing for the first time into a 
new field of science 

The fact that the manner of treating the subject-matter 
follows m general the same lines as were actually pursued 
when the science was being evolved, will be apparent to 
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anyone wFo, like myself, inclines to the opinion that the 
history of an exact science does not deviate markedly 
from its structure as developed logically , this is true, of 
course, only as a whole, for often external circumstances, 
particularly such as are rooted in the idiosynciasies of 
the pioneering investigator, have led to detours and even 
false routes, to follow which once again would be un- 
necessary and harmful to our purpose Neveitheless, in 
deriving the theorems, I have by no means always sought 
the shortest and most elegant proof, but always that which 
has seemed to me to be the most suggestive and the most 
lucid For my cndeavoui has been, not to lepresent 
either how the theorem was actually discovcied or how it 
was subsequently proved most directly, but rather how it 
could have been found most simply It must be conceded 
that this leaves a certain amount of freedom of play for 
the personal view 

There is not, of course, the slightest intention of tteating 
any part of the subject completely, since the character 
of the book is elementary — as is indicated by its title 
For an exhaustive treatment the reader is leferied to the 
more comprehensive text-books on Mechanics and to the 
detailed special literature Often, however, a fitting 
occasion arises for again proving in a new way a theorem 
that has already been derived earlier For there is no 
better way of exhibiting in its true light the particular 
nature of a problem and also the power of the individual 
methods used to solve it than to treat one definite problem 
in different ways 

An alphabetical list of all the definitions used and of 
the most important theorems will, it is hoped, increase 
the usefulness of the book 

Max Planck. 

Berlin-Grunewald, 

Augitstf 1916 



PREFACE TO THE SECOND 
EDITION 

The printing of a new edition enables me not only to 
make some necessary corrections, but also to insert a tew 
additions, some small and some considerable Among 
the latter I must mention in particular the introduction 
of the partial differential equation of Hamilton and Jacobi 
which has recently become of paramount importance for 
the quantum theory I wish to take this opportumty 
of thanking again for their kind interest those of my 
colleagues who suggested these changes 

Max Planck 

Bei Un-Chrunewald, 

December f 1919 
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PREFACE TO THE FOURTH 
EDITION 

The character of the book has been piescrved in this 
new edition In particular I have continued to endeavour, 
m deriving each law, to use not the way which is the 
shortest formally, but that which follows the physical ideas 
most closely, and which approaches most neaily to that 
used originally For the compactness of a formula often 
makes the relationship which it expresses appear simpler 
than it IS in reality , this is because the real difficulty has 
been transferred to the definitions As a first intioduction 
to a branch of knowledge, it is essential, m my opinion, 
that the ultimate definitions should not be placed at the 
beginning as ready products, but that their usefulness and 
necessity must impress themselves only m the course of 
presentation in discussing definite problems 

Among the slight improvements that have been made I 
need mention only that I have here used for Lagrange’s 
function (the kinetic potential), instead of the symbol J?, 
used by Helmholtz, the now more generally used symbol 
L, and I have reserved the symbol H for the Hamiltonian 
function But I could not persuade myself to represent 
the kinetic energy, which, following Boltzmann, I have 
hitherto denoted by Jv (vis viva), by means of the letter T, 
which IS frequently used for it nowadays For the letter 
T must be reserved for temperatuie, which often appears 
conjointly with kinetic energy, as in statistical thermo- 
dynamics I have preferred to use for the kinetic energy 
the symbol K, which immediately suggests itself and which 
IS hardly ever likely to give rise to confusion, 

BerUn-GrunewoM, PlANCK 

March f 1928 
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INTRODUCTION 


§ 1 MBCHAisrics IS the study of the laws of motion of 
material bodies Motion is change of position in time 
But the concept of motion involves not only the con- 
cepts of space and time but also the concept of what 
moves, and this need not in general be a material body 
Bor example, we also speak of the motion of a crest of a 
wave on a water surface, which is of course to be carefully 
distinguished from the motion of the water particles 
themselves , or we speak of the motion of a shadow over a 
bright surface, or of the motion of a Ime of force m a 
magnetic field In these cases what moves is not matter but 
a certain “ state ” on which we have fixed our attention 
To characterize the motions of material bodies more clearly 
we therefore also call them “ corpuscular ” or “ con- 
vective motions Mechanics is concerned only with 
these corpuscular motions, but this does not exclude the 
possibility that a corpuscular motion may simultaneously 
be regarded as a wave-motion, as mstanced above in tho 
case of the water wave The view that all physical changes, 
and they include all kinds of motions, may bo traced 
back to corpuscular motions is called the mechanical view 
of nature We do not propose to discuss the question as 
to whether it is justified 

§2 The simplest material body is a material point, 
that IS, a body whose spatial dimensions are vanishingly 
small compared with all the dimensions that play a part 
m its motion The question whether a definite material 
body may be taken as a point thus depends on the nature 
of the motion under consideration We may, for example, 
regard the earth m its motion around the sun as a material 
point, but not when dealing with its rotation about its 



2 


GENERAL MECHANICS 


axis, m fact, wc can never regard a body which lotates 
about an axis which lies in its interior as a material point 
so far as this rotation is conccincd 
The material point must be caicfully distinguished from 
the geometrical point The latter is completely character- 
ized by the point at which it is situated, but the former also 
depends on the constitution of its matter, indeed, the 
material points are to be legaided from the very outset 
as different not only quantitatively but also qualitatively 
For it IS not possible to specify ah imtio a general measure 
lor the quantity of mattci For example, quantitative 
comparisons in the case of two difteient substances, say 
iron and lead, can be made only with icfcioncc to some 
special property 

A material body may always be regarded as composed 
of such small parts that each of them may be conceived 
as a material point, and, correspondingly, any motion of 
a body, no matter how complicated it may be, can be 
traced back to the motions of the material points of which 
it IS composed Hence we first consider a single material 
point We therefore divide mechanics into two parts 
the mechanics of a material point and the mechanics of a 
system of material points 



PART ONE 

MECHANICS OP A MATERIAL POINT 




CHAPTER I 

MOTION ALONG A STRAIGHT LINE 


§ 3 We shall first consider the rectilinear motion of a 
material point m itself, such as it presents itself to direct 
observation, without inquiring into its causes (study of 
pure motion, kinematics, or phoronomy) A moving 
point changes its position with time , its motion is deter- 
mined if we know its position at every arbitrary moment 
of time — that is, if its position is given as a function of 
the time Its position is characterized by a geometrical 
point P, and the latter point is given by its distance x 


Fig 1 

from a point 0 assumed fixed m space — ^namely, the 
origin of co-ordinates (Pig 1) We assume the quantity 
X, the abscissa of the point P, to be positive or negative 
according as P lies to the right or to the left of 0 Then 
P coincides with 0 when x = 0 The path of the point P is 
the 'T-axis, or the axis of abscissae The direction m which 
X increases is called the direction of the axis , it is denoted 
in Pig 1 by an arrow To be able to express the distance 
X by means of a definite numbei we must introduce a 
definite unit of length, for which we usually choose the 
centimetre, this is the hundredth part of the length of 
the standard metre which is preserved in Pans and which 
very nearly represents the ten-millionth part of the 
quadrant of the earth's meridian The quantity x is then 
the number of centimetres which is founcl by measurement 
to be contained in the length OP 
In precisely the same way as a definite position is 

5 
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indicated by a geometrical point P, so a definite time is 
characterized by a moment of time (or point in time) 
namely, by the length of the time t which has elapsed since 
a point of time assumed definitely fixed, this initial 
point of time being measured by any clock that goes with 
sufficient regularity We assume the co-ordinate of time 
t to be positive or negative according as the point of time 
IS later or earlier than the initial moment, for which t = 0 
As the direction of the time-axis we take the direction from 
earlier to later times As a rule we shall take the second 
as the unit of time , this is the 86,400th part of the moan 
solar day Then the quantity t denotes the number of 
seconds which have elapsed since the time ^ = 0 

The motion of the material point is determined when its 
position IS given as a function of the time — ^that is, when 

X:=f{t) ( 1 ) 

where we assume the function / to be real, one-valued, 
continuous and differentiable For the material point 
occupies a definite position at any moment of time and 
does not leap suddenly to a new position 
If we solve equation (1) m terms of t, we get 

t = (j){x) 

which gives us the answer to the question as to when the 
material point is to be found at a definite point x The 
function (f) need not be either real or one-valued , for it 
may happen that the material point never actually reaches 
a defimte pomt x, or, again, that it reaches the point a 
number of different times, as, for example, when the 
motion IS periodic 

§ 4 As an illustration we shall first take the special case 
where the function f(t) is linear — ^that is 

X = at + b, (2) 

where a and b are constants 

The physical meanmg of the constant b is simple it 
denotes the position of the point when if = 0 The moan- 
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mg oi the constant a becomes clear from the following 
reflection Let us inquire into the length of the path 
which the point traverses in any interval of time t' — t 
At This comes out as x' — x, if 


x' = at' + b 

that IS 

x' — X == Ax = a{t' ^ t) = a At 

Hence m the motion (2) that we have assumed, every 
distance Ax that has been traversed is proportional to the 
times At lequired to traveise it, or equal distances are 
covered in equal times We see then that the quantity a 
IS precisely the constant ratio of a distance to the time 
required to traveise it — ^namely 


Ax 

At 


= a 


( 3 ) 


and this ratio is called the velocity of the moving point 
It IS the path traversed m unit time , the path is reckoned 
positive or negative accordmg as x increases or decreases 
when t increases The motion (2) here considered, in 
which the velocity is constant, is therefore called a 
uniform ” motion 

Let us now take the general case of any arbitrary motion 
X - f{t), and let us again inquire what distance is traversed 
by the moving point m any interval of time t' ^ t = At 
This again comes out in an analogous way as x' •— x, if 
x' ==f{t') Thus 

x' -x = lsx= f{t') - f{t) =f{f + M) - f{t) 
Division gives 

^ fjt + A Q - fit ) 

At At 

This ratio of a distance to the time required to traverse 
it IS called the mean (or average) velocity of the moving 
pomt during the interval of time between t and t + At 
Thus in general the mean velocity depends on both t 
and A^ 
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If we make the interval of time smaller and smaller wc 
ultimately get the limiting value 

1 Aa; dx 

‘^ 5 < 


and we call this differential coefficient the velocitu u of the 
moving point at the time t This quantity now depends 
only on the time t itself 

Eor a point which is in uniform motion we again gc^t 
from (2) for the velocity u ~ ~ = a , for a point whicdi 
IS at rest x = const , = 0 

§5 Before we can express the value of a velocity by 
means of a definite number, the units of length and time 
must of course first be fixed According to the choice of 
these units the physical meaning of a number which serves 
to represent a velocity varies Hence we say that velocity 
IS not a '' pure ’’ number, but has a dimension — ^namely, 
the dimension of a length divided by a time . 



This symbol, which was introduced by Maxwell to 
express dimensions, at the same time indicates how the 
numerical value which is to be written for a definite 
velocity alters when the length or the time or both aio to 
be altered For example, if we wish to refer the velocity 


cm 


20 r - 

Lsec 


to metres and mmutes, we have only to write 

1 [cm ] = jL [metre], 1 [sec ] = [mmuto j, 

and we can now calculate with these symbols as with 
mathematical quantities Substitution then leads to the 
required result 

20 


1 

s , 

O i 
1 

__ r metre ' 

Lsec j 

L minute. 
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We can proceed m the same way with any derived 
quantity so soon as its dimensional formula is known 
§ 6 After the case of uniform motion u = const we now 
consider the special case where the velocity depends 
linearly on the time, thus 

u ^ ait ^ bi (5) 


where and bi are constants The constant bi is called 
the velocity of the point for t = 0 The significance of 
the constant emerges from the following consideration 
Let us inquire into the change which the velocity 
experiences during any interval of time f — t At 
This is equal to u' — u if 

' u' = aif -f bi 

Thus 

— u = Au = ai{t' — t) = tti At 


In the motion that we have assumed the velocity thus 
always changes proportionally to the time, and the 
constant ratio of the change of velocity to the time m 
which the change occurs is the quantity 


Au 

_ = ai, 

At ^ 


( 6 ) 


and IS called the acceleration of the moving point It is 
the increase of velocity per unit of time and is positive or 
negative according as the velocity u increases or decreases 
as t increases Hence the motion (5) here considered, in 
which the acceleration is constant, is also called a “uniform 
acceleration ” 

Lot us now consider the general case of any aibitraiy 
motion, that is, by (4) 

=/(<)> 

and let us again inquire into the change of velocity Au 
during any interval of time t' -- t = At In a manner 
analogous to that given above this is again equal to 
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u' — % if u' = /(^'), and so, if we divide by t' ~ I, we 
get 

u' — u At) — f(t) 

f - 1 ^ 


This ratio of a change of velocity to the time dming 
which it occurs is called the mean acceleration of the 
moving point in the interval of time between t and t + At 
Hence the mean acceleiation depends in geneial on both 
t and At 

If we now make the interval of time smaller and smaller, 
we finally get the limiting value 

1 Au du , 


and this differential coefficient is called the acceUmtion 
of the moving point at the time t It now depends only 
on the time t itself 

Eor a point which is moving uniformly as well as for 
one which is at rest the acceleration u 0 

The dimensions of an acceleration are, as we sec fiom 

( 7 ) 

“r 

Hence, for example (cf § 5), the acceleration 


20 



'metres' 

. min ^ ^ 


We may, of course, pursue this method still further and 
define “ accelerations of a higher order ’’ But such 
quantities play only a small part in physics 
If one of the quantities x, u, u is given as a function of 
the time t the other two can be found by differentiation or 
integration with respect to t Eor example, in the case 
of the motion of uniform acceleration (5) the co-ordmato 
X depends quadratically on t 
§ 7 So far we have spoken only of the motion itself 
without considering its causes We shall now also take 
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the latter into consideration and for this purpose we must 
refer back to particular observations Experience has 
made us familiar with motions of very different kinds — 
for example, those of a thrown ball, a falling stone, a 
vibratmg pendulum In every case we note that a 
definite cause can be given for the type of motion in the 
case of the tin own ball the cause is given, say, by the taut 
muscles of our arms , in that of the falling stone it is the 
eaith , m that of the vibrating pendulum it is, besides, 
the method of suspension This is only to express that if 
the bodies mentioned (arm, eaith, method of suspension) 
were not picsent, the motion in question would not occur in 
the manner observed The main object of mechanics 
IS to find the motion which results from a prescribed 
cause 

The first question which we shall answer is this How 
does a material point move if we disregard its previous 
history and if we eliminate all the causes which may 
previously have influenced its motion — ^that is, if the 
material point is now completely isolated in empty space 
at an infinite distance from all other bodies Of course, 
this experiment cannot be earned out exactly in piactice . 
indeed, it may be doubted whether this question has a 
physical meaning at all For it can never bo determined 
with certainty whether there arc not enormously great 
bodies at enormously gicat distances which have an 
appreciable influence on the motion of the point On the 
other hand, m the case of any special motion we can reduce 
the influence of the bodies which, as we know, come into 
question as causes of the motion, and, in principle, we can 
reduce this influence to an unlimited extent ']''hus wo 
can allow the thrown ball to follow its course freely, wc 
can cut through the pendulum thread, and so forth We 
cannot, of course, remove the earth, but we can eliminate 
its influence by making tlu^ material point move on a fixed 
plane which is accuiately horizontal — ^for example, on the 
surface of a suitably largo billiard table Experiment thou 
shows that the material point — ^for example, a billiard ball 
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— ^will move in a straight line with gradually dcci casing 
velocity But the decrease of velocity occurs the moie 
slowly the more the plane base is free from unevenness , 
on a very smooth ice-surface the decrease of velocity is 
very much less than on the billiard cloth From this it is 
concluded that on an absolutely plane surface, in which 
surface phenomena due to rubbing and to warming 
resulting from roughnesses are excluded, the decrease of 
velocity would be zero — ^that is, the velocity would be 
constant Hence we answer the above question by saying 
that a material point which is deprived of all causes of 
motion moves uniformly and rectilinearly, in accordance 
with equation (2) (Principle of Inertia, Newton’s Fust 
Law of Motion ) 

The above derivation is by no means intended as a pi oof 
of the law of inertia It merely serves to describe a way 
by which we can arrive at an enunciation of the principle 
The proof of the law is to be sought only in the confirm- 
ations which its innumerable applications have presented 
Its significance consists actually in the fact that it ex- 
presses in a single sentence the sum of all the obsei vations 
that have been collected m this field 

On the other hand, we must not regard the principle of 
inertia as obvious or as a mere definition , foi it contains 
a definite physical statement the coricctness of which can 
be tested by experiment to a high degree of accuracy 

§ 8 Let us now take the case where a mateiial point 
which was originally completely isolated — that is, was 
moving uniformly and rectilmearly, say a sphere on an 
absolutely smooth horizontal plane — ^is accelerated or 
retarded by some cause of motion m the direction of its 
motion If we produce a change of motion by means of 
our muscles by pushing the sphere from behind, m the 
case of positive acceleration, or obstructing it m front, in 
the case of negative acceleration, then we experience a 
feeling of exertion which is incapable of being defined more 
precisely as a sensation, but whose intensity is certainly 
related causally to the amount of acceleration produced 
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Wo shall therefore use the sensation of our muscular 
sense as a measure for the cause of the acceleiation and so 
call the cause of the acceleration the force ” X, which 
we exert on the sphere Experiment then teaches us that 
a more intense muscular sensation — ^that is, a greater 
force X — corresponds to a greater acceleration u and that 
the direction of the acceleration is reversed when the 
direction of the force is reversed When X = 0, then ^ = 0 
in accordance with the principle of inertia 

We can get no further than this by experimental means 
in determmmg the relationship between force and acceler- 
ation, because our muscular sensations are far too in- 
definite and fluctuating to give us an exact measure of the 
value of the force that is exerted We budge over this 
gap by proposing a more precise definition We set the 
force X proporhonal in magnitude and sign to the acceleration 
u that IS produced (Newton’s Second Law of Motion ) We 
may do so because this new convention, so far as an 
experimental test is possible at all, agrees with the 
relationship between X and u already fixed above, which 
was derived from our muscular sensations Moreover, 
it has the advantage, which we shall presently make use of, 
that we can immediately apply it to the general case where 
the acceleration is not produced by our muscles at all 
but by any other body, so that there can be no question 
of a sense-impression So we now define quite generally 
for any aibitrary motion that the cause of the motion is a 
force and we set its value proportional to the acceleration 
produced by it This value corresponds to the exertion 
which we should experience if we were to produce this 
change of motion with our muscles instead of with the 
causative bodies 

The question immediately suggests itself to us whether 
it would not be simpler, and hence more rational, to 
define force from the very outset by means of acceleration 
and not to proceed indirectly by means of muscular 
sensation To this it must, however, bo objected that the 
concept of force is something quite different from that of 
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acceleration and that we got much ncarci to the content 
of this concept by bringing it into iclationship with the 
muscular sense than with acceleration This will manifest 
itself clearly in the next section and also repeatedly latei 
on, for example, in the case of relative motions (§ 67) 

Moreover, this method of defining a fundamental 
physical concept by first referring it back to a specific 
sense-impression and then supplementing and refinmg 
this first primitive defimtion by means of a second 
defimtion is the one usually adopted in physics and is 
probably the only possible one For example, we first 
define the degree of warmth of a body by means of the heat 
sense and the colour of a ray of light by oiii coloui sense 
For exact use, however, these defimtions must bo refined, 
and this is done in eveiy case by loleiung them to a 
phenomenon which is susceptible of accurate measuiement 
m the case of heat reference is made to volume changes 
(thermometer), in the case of coloui to wave-length 
(mterference frmges) If we wished to define heat directly 
by means of volume changes or colour directly by means 
of wave-length, just as we measure force directly by means 
of acceleration, then these concepts would lose just that 
significance which has made them of value for more exact 
investigation and which has smoothed the way foi the 
further development of physical theories (a matter of still 
greater importance) 

Actually, the definition of force which is based on 
acceleration is not the final definition, but is capable of 
being further improved and generahzcd, as will be shown 
later (§ 124) 

§ 9 It would obviously be simplest to set the force X 
not only proportional to the acceleration u, but directly 
equal to it But this would brmg us mto conflict with the 
primary defimtion of force based on our muscular sense, 
for then a definite force would have to produce a definite 
acceleration under all circumstances Lot us take two 
spheres, one of wood, the other of iron, say of the same 
size, both moving with the same constant velocity on a 
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smooth horizontal plane Experiment then teaches us 
that it requires a gi eater cfloit to accelerate or retard the 
iron sphere in a definite way than the wooden sphere 
Hence we say that the iron sphere “ has more mertia ” 
than the wooden sphere and we have to insert a (positive) 
constant of proportionahty in the relationship between 
force and acceleiation ' 

•vr (l^h /«\ 

<*) 

which is determined by the conbMuhon of the moving 
material point (§ 2) Since a gieatei force is necessary to 
produce a definite acceleration in the case of the sphere 
which has greater inertia, m is greater in this case , hence 
m general we call wi the tnerhccl mass of the material point 
This IS of course the same for all the different kinds of 
motion of the point and for all the different forces which 
act on it 

We take as the umt of mass m the mass of a perfectly 
defimte part of a certain body— namely, the 1000th pait 
of the mass of the standard piece of platinum preserved in 
Pans and we call this part 1 giamme It is very nearly 
equal to the mass of 1 c c of water at 4° C 

By fixing the umt of mass we of course also, by (8), fix 
the umt of force Moreover, a force has the dimensions 

fo \ 

Li^J 

§ 10 As a first application of the fundamental equation 
(8) we discuss the motion of a matoiial point which is 
projected vertically upwards m a vacuum After the 
point has been projected and is left to itself, only the 
attractive force of the earth acts on it we call this force 
the “ weight ” O of the pomt and regard it as constant, 
acting in a direction vertically downwards If we choose 
the positive r-axis in the upward direction, then 

('») 


X- -0 
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Substituted in (8) this gives 


m 


du 

dt 


- G 


Integrating, we get 

mu — — Gt + C 


The constant of integration 0 can be calculated if the 
velocity u is known for a definite moment of time t, for 
example, for the initial moment ^ = 0 If we call the 
(positive) initial velocity Uq, then when t = 0 and u = Uq, 
we get from the last equation that 

muQ == C 


Hence by substitution 


or 


mu — Qt + mvQ, 


u ~ — — t u 
m 



( 10 ) 


Thus the velocity u decreases uniformly as the time t 

increases For t = it becomes equal to zero, and 

after that becomes negative — ^that is, the material point 
begins to fall By integrating once again we get from 
( 10 ) 


and if a; = when t = then 

a: = Xo +tto< - (11) 

This fully describes the motion 

The maximum height Xm attained — ^that is, the maxi- 
mum value of X — ^is obtained if we substitute in (11) the 
value of t correspondmg to the moment in which the 
velocity IS reversed 

Im « , 


( 12 ) 
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By eliminating t from (10) and (11) we get the answer to 
the question as to what velocity u the point has at a 
definite place x 

(13) 


For x> Xm, u becomes imaginary, as is natural, for 
X = Xtn, u becomes equal to zero, and for x < Xm, u has two 
equal and opposite values, the positive value corresponding 
to ascent, the negative to descent Thus the descending 
motion IS fully symmetrical with the ascending motion 
If X and Uq are not laiown, the integration constants 
C and C' remain indeterminate m the equations of motion 
Hence the two quantities which denote the initial position 
and the initial velocity of the material point are summar- 
ized in the term ^‘initial state,” and we may enunciate 
the theorem that if the acting force and the initial state 
are given the motion is determined in all its details In 
general, we take the state ” of a material point to denote 
comprehensively its position and its velocity 
The preceding laws which govern the motion of falling 
material points were first established experimentally by 

0 

Galileo He also found that the quotient — is the same 
for all mateiial points , that is, if we set 


0 

m 




(U) 


then the quantity g, the acceleration due to gravity, does 
not depend on m On the other hand, g is slightly different 
at different places Its value increases as we pass from 
the equator of the earth to the poles — ^namely, from 


978 


cm 
L sec 


to 983 2 


cm 

.sec 


Hence the weight Q = mg of a definite material pomt 
IS different at different places on the earth The weight 
of 1 gramme amounts to 978 dynes at the equator and 
983 2 dynes at a pole 
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§ 11 The ciicumstanco that the aeec'h'ratioii (j (ha* to 
gravity of a material point is m<lo])('u<l(>ntr ot itus inass giv(‘H 
us a very exact method of measuring mass<>s 
Suppose we have two exactly equal vessi'Is lasti'iic'd at 
the ends of a string which iiina over a fixi'd pull(\y, and 
that a material pomt of mass m is placed in tlu' one vessel 
and a certain quantity of water ot mass w' is plaeisl in the 
other Then the pulley will begin to turn m the* din'ction 
in which the string is being jnilled the inoK' strongl.v 
that IS, in which, by § 8, the greater force is acting 'I’he 
strmg will therefore remain at rest permaiumtlv if the f.wo 
forces are equal — ^that is, if the weight (r of th(‘ material 
pomt IS equal to the weight O' of the water that has been 
poured into the second vessel, or by (14), if 

m = m' 

Now by § 9 m' is equal to the volume of the ivat(>r, 
expressed m cubic centimetres So wo gc't th<' law . 
the mass of a material point is equal to tlu' vohmu' of 
water which keeps it m equihbiium Hence wo are not 
concerned at all about the value of the aooek'ration g <lue 
to gravity a material pomt weighs the same mimbi'r of 
grammes everywhere, since the weight (} of tlu' point 
changes from place to place in the same ratio as the weight 
O' of the corresponding volume of water 'I’o piovc^ that 
0 changes we could, for example, use an elastically i‘X 
tensible strmg in the above expenmont Thi'ii the' two 
halves of the strmg would bo stretched more by the same 
bodies and henee would be longer at the north jiolo of tht' 
earth than at the equator. 

§ 12 Particular mterest attaches m physios to those 
forces which express themselves as attractions and 
repulsions and whose value depends only on the distanct' 
which separates the pomts between which they act ; tlu'se 
are the so-called “ central forces ” 

Let us discuss the case of the rectilinear motion of a 
material pomt which is attracted to a fixed centi’o witli a 
force which is proportional to its distance from the centre. 



I. \lf>TlC^X \lA}\il \ HTUMiinr LIXK in 

If take f!ir naitfr a. utu of < oouliiiah^H, tluai 

Iht^ clistaiH'i* of tli!^ ftHOiuu [HHiit P horn tlu* roiitic^ m 
<‘qua! lo I, and flu* affiaUni* ftnao h, m iiia^outudc^ and 
diuadicai ^ 

V < i {t (t) 

IIoiH ‘0 of niofaiii (S) 

iUt 

111 til#* iiidml stnt<% / H, lof 


0 and N (1) 


(Hd 


In ndo^riita fho af|uiifioii of uiotion ua multiply hoth 
httioH dy u ami olil,iiu : 


m . a 


iUi 

itt 


i t 


(I I 
iU ’ 


i>i\ iiila^mtiiig with r<%sjHa*i to t 


I 


, mu^ 


y^- \ r 


and, ^aua«» \\hi‘n a 

m it * 


n, ii gat » 

wz/p* rP ^ ' 


( 17 ) 


From thill v^v aaa among othm* thingn that tJia \cdo<dty 
nvwr i^xviViU and that tla^ dihtanaa r lunaa oxiH^ialrt 



1*0 jiofh»rm flio /.orond intogntlioii wo writo tlio Inni 
fapiiilioii m tin* foim : 

, 1 , 'Ir.sm _ 

\ 1 1 ^ 

liifogriilioit fltoii idvo*^ * 


/ 


v. 


, * III 


I i 


V 


m 


r\ 
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From the initial condition (16) we get G' = 0 , and hence 

Thus the motion is a periodic vibration with the fixed 
point of attraction as centre 

The constant factor in front of the sine is called the 
amplitude,” the angle under the sine, which varies 
with the time, is called the '' phase,” the constant factor 
preceding t is called the '' angular or radian frequency ” 
of the vibration (number of vibrations in the time 27r) 

The derivation of a period of vibration is 27 r^Vl and hence, 

like the frequency, does not depend on the initial velocity 
Uq, nor on the initial position, since the case of any 
aibitrary initial position Xq can be directly reduced to the 
case here discussed by transferring the initial point of the 
time t to the moment where a; = 0 
§ 13 The special law of motion here discovered plays a 
very important part in physics, for it holds quite generally 
for small oscillations of a point about a stable position of 
equihbrium, as can easily be proved 
If a pomt which is originally at rest is disturbed from its 
position of equilibrium by a blow which imparts to it an 
imtial velocity Uq, then if its position of equilibrium was 
stable a force acts on the pomt at every moment, which 
pulls it back to its position of equilibrium and which we 
suppose to depend on its position in some way, thus 

X=f{x) 

Let a: = 0 denote the position of equilibrium 
If the oscillations are sufficiently small, we can expand 
f{x) m a power series 

X =00“!“ “f" 02^?^ 5 

m which the first constant Cq = 0, since X = 0 for a; == 0, 
and the second constant c^is negative, since the equilibrium 
IS to be stable If the terms of the series which are of a 
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smaller order of magnitude are omitted we obtain precisely 
the motion treated in the preceding section So we get 
the general theorem that the period of a small rectilinear 
vibration about a stable position of equilibrium is inde- 
pendent of the nature of the disturbance It will be 
found later, in § 70, that the same law also holds for 
non-rectilinear oscillations 

§ 14 If several forces act on a material point simul- 
taneously in the same or in opposite directions, which we 
shall express by X^, X 3 , , these foices arc equi- 

valent to a single foice X which can be represented in 
magnitude and direction by 

X = Xi -f- X2 + X 3 4“ (19) 

We say that the individual forces combine to form the 
resultant” force X If X = 0 the individual forces are 
in equilibrium and the material point behaves in every 
way as if no force acted on it at all 

§ 15 As an example we consider the case of the recti- 
linear motion of a material point which, as in § 12 , is 
attracted to the origin of co-ordinates by the force cx, 
but IS at the same time ^ damped” in its motion by friction 
or some other cause owing to the action of a force whose 
magnitude is proportional to its instantaneous velocity u 
Then by (19) the resultant force is 

X = Xi -f Xg 

where 

X^=-cx and Z 2 = - 

(p is a constant coefficient ot friction) 
and the equation of motion ( 8 ) runs 



- a and 

m 


-fL 

2m 


= 


(19a) 
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then 

d^x ^ ^ dx ^ .. 

jp. + 2«.jj- + <B.O (20) 

As m § 12 let the initial state again be given by 

a, = 0, *16 = (> 0) 

A particular integral of the differential equation (20) is 

X == 

where the constant A is aibitrary, but the constant a 
must satisfy the equation 

oc^ -j- ^wcL H** a == 0 

Let us call the two roots of this quadiatic equation oc and 
then 

L's/vfi — a ( 21 ) 

and the expression 

a: = (22) 

IS also an integral of equation (20) , it is, m fact, the general 
integral, since it contains two arbitrary constants A and B 
From (22) we get by differentiating 

(23) 

The values ol the constants of integration A and B are 
determined by the mitial state For if i -•= 0 it follows 
from (22) and (23) that 

0 = ^ + J? and ito “ •‘4°^ + 

Consequently if we calculate the values of A and B and 
substitute m (22) and (23), then 
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These equations, taken together with (21), completely 
determine the motion To investigate its more detailed 
peculiarities we shall consider successively the cases where 
the square root in (21) is real, zero or imaginary 

1 Let id^> oi Then a and p are both negative , and 
~ P > — oc Hence x comes out as positive for all times t 
except for = 00 , when x becomes equal to zero The 
motion IS aperiodic , the moving point attains its position 
of greatest displacement — ^that is, the maximum value of 
xioT u = 0 and 



and then returns immediately to its position of equilibrium 

2 Let — oc Then, by (21) 

a = ^ 

Since the expicssion for x in (24) assumes the form ~ for 

this case, we get the true value by setting — a = 
so that 

^ ^ w + €, 

We now insert these values m (24) and proceed to the 
limit obtaining In this way 

X = UQter^\ u == — wt) (26) 

The motion is again aperiodic, the displacement x is 
always positive , and its maximum value is which it 

attains at the time = i- 
w 

3 Let w^<a Then, by (21), a and |3 are conjugate 
imagmaries, namely 


= — ± %'\/a — vfiy where % == y'— 1 
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Substituting m (24) we get 

X = - . - ^ e“®‘ sin {t ■s/a — w^) (27) 

■\/a — 

The material pomt executes damped oscillations and 

comes to rest at the time t = oo For t = (where n 

IS an arbitrary mteger) the pomt passes through the position 
of equilibrium, in the positive direction when n is even, 
and in the negative direction when n is odd The duration 
of a period is the time which elapses between two suc- 
cessive transitions m the same direction through the 

position of equilibrium — ^that is, , it increases as 

the resistance w increases, but, as in the case of undamped 
oscillations, it is independent of the initial state 
The velocity u comes out as 

u — 

|cos (« V« - - Va^ “^2 ~ 

Hence for a transition through the equilibrium position 
in the positive direction we have 

u = Uq& (29) 

These velocities mcrcaso in geometrical progression for 
the successive transitions (n = 0, 1, 2, 3, . ) or the 

natural logarithms of the velocities dccicaso in arithmetic 

progression — ^namely, by the amount in each 

transition This number is therefore called the ‘ ‘ logarithmic 
decrement ” of the oscillations, and since it is constant 
these oscillations are said to bo “ unifoimly damped.” 

The amplitudes of the oscillations— -that is, the maximum 
displacements — do not result from (27), say, by settmg 
the sme equal to 1, but from (28) by puttmg « - 0 in it. 
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They have the same logarithmic decrement as the 
velocities (29) in passmg through the position of 
equilibrium 

For w = Q the oscillations become periodic and un- 
damped, and the equations of motion become identical 
with those derived in § 12 For w == 's/a, (27) and (28) 
again reduce to the limiting case (26) which has already 
been discussed 



CHAPTER 11 
MOTION IN SPACE 


§ 16 As m the case of xectilmcar motion lu § .‘1, so here 
we treat the motion of a materia! ]>oint at first (‘iif.iiely 
without regard to its causes — ^that is, purely as <i iirohlem 
of phoronomy The motion of a iiomt m HjiiUie is deter- 
mmed when its position is given as a fimcfaon of the 
time t To characterize the fiosition of a point m three- 


z z 



Fio 2a l<i(> th 


dimensional space thico co-ordinato axes are iieec'Hsary; 
we shall assume these axes to ho mutually perpimtlicular 
and shall denote their positive diri'etiouH by x, //, z. 

This convention does not yet, however, dt*t(>rmiiio the 
nature of the co-ordinato system , ratli(>r, an ambiguity 
remams which is illustrated in the two Figures 2rt and tb. 
It IS clear that the two co-ordinato sysfiuns shown in 
these figures cannot bo made to coinciiie exae,tly by dis- 
placmg or rotating one or other in any way ; they are 
related as the right hand to the left hand. liuf. any other 
rectangular co-ordinate system can Ix' made to eomoido 
completely with either the system a or the systi'm b by 
means pf g. displacement and a rotation. 

2ft 
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Hence all co-ordinate systems fall into the two groups 
a and 6, which may be characterized in the following way 
if we open onr hands so that the thumb, index-finger and 
middle-finger are mutually perpendicular and if we take 
the thumb as pointing in the a;-direction, the index-finger 
in the y-direction and the middle-finger in the z-direction, 
then the right hand represents a co-ordinate system of 
the group a and the left hand a system of the group b 
Hence a-systems arc also called iight-handed and 6-systems 
left-handed We shall always 
use right-handed systems here, 
as in Pig 2a, unless the con- 
trary IS expressly specified 
§ 17 Instead of using the 
co-oidmates x, y, z, to char- 
acterize the position of a point 
P in space we often use its 
distance r from the origin 0 
and the angles i, rj, ^ which 
the direction from 0 to P 
makes with the positive co- ^ ^ ° 

ordinate axes Then OP = r 3 

IS the diagonal of a rectangular 

parallelepiped the lengths of whose edges are x, y, z (Pig 3) 
and we have 

^2 ^ ^2 ^2 2^2 


Z 



C 0 S^ = 5 cosrj = ^, cos? = ? (31) 


Wo always assume r to bo positive and the direction- 
angles 7], I to he between 0 and tt Hence to a negative 
co-ordinate there always corresponds an obtuse direction- 
angle The values of r, i, 77, ^ are then uniquely deter- 
mined by X, y, z, and vice veisa But the angles i, y, ^ 
cannot be chosen independently of one another , rather, 
according to the last two equations, they must satisfy 
the identity 

cos^^ -f cos^Tj + cos^^ = 1 . (32) 
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Hence by (31) 

cos^ COST] cos^ = a y z (33) 

These three cosmes, the sum of whose sq[uaies = 1, aie 
briefly called direction-cosmes ’’ and their ratios 
“ direction -ratios ” 

The distance OP measured in the direction (|, ?], 
which uniquely determines the position of the point P 
m space is called a '' directed magnitude ’’ or a vector/’ 
andj like all other vectors, is here denoted by the corre- 
sponding letter in clarendon type, r The numerical 
value of r, the absolute value ” or the ^ ' magnitude ” of the 
vector IS 

r — I r I (34) 

It IS important to see clearly the distinction between r and 
r For example, if we have two points P and P', the 
equation r = r' denotes that P and P' are equally far 
from the origin 0, but the equation r = r' denotes that 
P and P' coincide, and the equation r = — r' that P and 
P' lie at the same distance fiom 0 but on opposite sides 
The quantities x, y, z defined by (31) are called the 
components of the vector r in the direction of the 
co-ordinate axes They are the projections of the dis- 
tance OP on the co-ordinate axes 

In general the component a;' of a vector t in any arbitrary 
direction is defined as the projection of the distance 
I r I = r in this direction — ^that is 

ct'=rcosS . (35) 

where S is the angle (acute or obtuse) which the direction 
of x' makes with the direction of r 
If the direction angles rj\ of x' are given, the com- 
ponent x' (and the angle 8, which is not marked m Fig 
3) 18 calculated as follows Instead of projecting the 
distance r = OP directly on the x'-direction, we first pro- 
ject the distance OA = x (Fig 3), then the distance AB = y 
and lastly the distance BP = z all on the x' -direction. 
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That IS, wc allow a point to travel rectilinearly from 0 
thiough A and B to P and at every moment drop a 
perpendicular on the cc'-direction The projection of the 
moving point — ^that is, the foot of the perpendicular — 
then traverses m its whole journey the rectilinear distance 
from 0 to P', the projection of P Thus the algebraic 
sum of the three distances that are projected on x' is equal 
to the distance of the origin 0 from P' , accordingly : 

X cos|^' + y COS')]' + 2 ; cos = x' (36) 

Hence, by (31) and (35) 

cos 8 = cos ^ cos + cos r] cos r]' + cos I cos (37) 

By equation (35) the component of a vector r in its own 
direction (8 = 0 ) is equal to r, that in the opposite direction 
(8 = 77 ) IS equal to — r, and that in any perpendicular 

direction {h = is equal to zero 

The equation (36) tells us that the component x' of a 
vector r in any direction (^', rj', ^') may also be obtained by 
starting out, not from the absolute value of the vector r 
but fiom its three components x, y, z and by forming from 
each of these components the component in the direction 
(^^ D fhen algebraically adding the amounts so 
obtained Hence m this respect, too, the three rectilinear 
components x, y, z are completely equivalent to the vector 
T itself 

§ 18 The motion of the point P in space is determined 
if its thiee co-ordinates x, y, z are given as functions of the 
time t 

x^fit), y^m. • m 

where the functions /, </>, ijj are assumed to bo real, single- 
valued, continuous and differentiable They, of course, 
also determine the orbit of the point, this is a certain 
cuivc in space, the two equations of which are obtained if 
the time t IS eliminated from the three equations (38) 



30 


GENERAL MECHANICS 


We now define, as in § 4, the three quantities 


dx 

dy 

dz 


m 


and call them the components of the velocity m the 
direction of the co-ordinate axes ” of the point P at the 
time t These are the velocities with which the projections 
of P on the co-ordinate axes move rectilinearly Following 
on this we get a more general definition by differentiating 
(3G) and so have as the velocity-component of P in any 
arbitrary direction 77 ', ^') the velocity 


dx' 

dt 


= x' = u' = U cos i' +V cos 7]' w cos 


(40) 


with which the projection P' of the point P moves 
rectilinearly in this direction 

On the basis of this defimtion we can prove that velocity 
IS a vectoi For if we set 


^2 _j_ ^2 ^2 -- ^4.]^ 

u . V w 

~ = cosA, - == cosfi, ^ = cosv, (42) 

with the limitation that q must be positive and the 
direction-angles A, y., v must he between 0 and tt, then, by 
(40) 

= g (cos A cos -f cos [jl cos 77 ' - 1 - cos v cos ^') , 
and by (37) 

^'=gcos€ (42a) 

where e denotes the angle between the directions (|', 77 ', I') 
and (A, ft, v) The component is thus the projection of 
the distance q, drawn in the direction A, /x, v, on the x'- 
direction 
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Thib directed quantity is called the “ velocity vector ” 
and IS denoted by the letter q in claicndon type 


q = r (43) 

Hence the difterentiation of a vector r with respect to the 
time does not mean the differentiation of its absolute 
value r, but rather it denotes a vector whose components 
are the differential coefficients of the components of r 
The vector q has a very graphic geometrical significance 
Por if we take into account (39) the equations (41) and 
(42) become 


and 


„ ^ <^2 + dy^ + dz^ _ fdsV 
dl^ ~ \di) 

V dtC d'it 

cosA = ^, cosp = g^, cosv = 


dz 

ds 


(44) 

(45) 


where ds denotes the clement of arc of the space curve, 
taken positive in the direction of the motion Thus the 
direction of q coincides with the direction of the element 
of arc or of the tangent of the oibital curve, and the 
quantity g' = |Qr| is the speed of the motion along this 
curve By (41) and (42) the vector gis, in magnitude and 
direction, the diagonal of a rectangular parallelepiped the 
lengths of whose sides are u, v, w 

§ 19 Further, as m § 6, we define the three quantities 


d^x 


__ du 


W ~ 

X 

dt 

u 

d^y 

y 

__ dv 


dt^ “ 

^ dt 

V 

d^z 


dw 


dl^ ~ 

z 

di 

w 


and call them the acceleration components in the 
direction of the co-ordinate axes ’’ of the point P at the 
time t These are the aocelerations with which the 
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projections of P on the co-ordinate axes move rectilinearly 
Generalizing as before, we differentiate (40) to define the 
acceleration component of P in any arbitrary direction 
(f , r]', I'), which IS 


d^x' , 


du' 

dt 


u' = u cos I' -f- cos 7]' -i-w cos 


( 47 ) 


This is the acceleration with which the pi ejection P' of 
the point P moves rectilinearly in this direction r]\ ^') 
On the basis of this definition we can prove that acceler- 
ation IS a vector For if we set 




(48) 


U V ^ w 

~ = cos a, - = cos S, “ == cos y (49) 

p p P 

with the limitation that p must be positive and that the 
direction-angles a, p, y must lie between 0 and tt, then by 
(47) 

u' = p (cos a cos I' + cos P cos rj' -f cos y cos 2') 
and by (37) 

u'=p COB 9 (50) 

where 9 denotes the angles between the directions (^', t]', C') 
and (a, p, y) Thus the component u' is the projection of 
the distance p, which lies in the direction (a, p, y), on the 
x' direction Analogously to (43) we call this directed 
quantity the acceleration vector ’’ 


p = q ^ r 


(51) 


From (48) and (49) we see that it is represented m 
magmtude and direction by the diagonal of a rectangular 
parallelepiped the lengths of whose sides are u, v, w 
§ 20 The term acceleration ’’ often misleads beginners 
to confuse the quantity 1 g [ = p with the quantity q = 
dq 


dt 


It IS the same error that would be made if we set 
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gr(== 1 1*1) equal to Let us therefore investigate the 

relationship a little more closely By (41) we get by 
differentiating with respect to the time 


qq — uu vv ww, 
and hence by (49) and (42) 


q = p(cos oc cos A cos p cos ix + cos y cos v) 
and by (37) 


g = ^9 cos (p, q) 


(52) 


Comparing this with (50) we get q as the component of 
the acceleration vector in the direction of the velocity 
Since the directions q (a, [3, y) and q 
(A, fi, v) are entirely independent of 
each other, q can have any value 
between + p and — p It is only 
when these two directions coincide, 
as in rectilinear motion, that q p 
But if, for example, the acceleration 
IS perpendicular to the velocity, 
then q = 0 — ^that is, the value of 
the velocity q is constant, whereas the 
acceleration p may assume any arbitrary (positive) value 
§ 21 To illustrate the above definitions and theorems 
still further we shall consider a special simple case, namely, 
uniform motion of a point P in a circle Such a motion is 
represented by the equation 

X == r cos cot, y === rsux cot, z = 0 (53) 



Fig 4 


where r denotes the radius of the circle, co(> 0) the 
angular velocity or radian frequency (§ 12) The orbit of 
the circle (Fig 4) is obtained by eliminating t from (53) 


^ r^, z ^ 0 

The components of the velocity are obtained from (39), 
if we use cot ^ (f) m an abbreviation, m the form 

u — — our sin < 5 ^, v ^ cor cos (j), w 0 
n 
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The magnitude and direction of the velocity PA are 
obtained from (41) and (42) as 

q = cjor, 

^ = 1 + = v = | 


The components of the acceleration are, by (46) 

u = — a)Vcos^, t; = — oj^rsuKf), w = 0 

Fmally, the magmtude and direction of the acceleration 
are, by (48) and (49) 

p = coh (54) 

a = 7T-^, + y = | 


Thus the acceleration vector is directed from P to the 
centre 0, and here we have an example of the case men- 
tioned at the end of the preceding section in which the 
direction of the acceleration is perpendicular to the 
direction of the velocity, which causes q to be constant 
§ 22 At this stage we go a step further and now inquire 
into the cause, of a motion For this purpose we introduce 
the force that produces the motion It is obvious that 
the definition of a force in the case of motion in space 
must contain that used for rectilinear motion as a special 
case Hence, followmg on (8) we are compelled to set 


X = mu 


m 




j = 

d^z 


Z = mw = m 


dP ) 


(55) 


where m again denotes the inertial mass of the material 
point, which IS independent of the nature of the motion 
Further, followmg on (47) 

Z' == mu' = X cos f + r cos rj' Z cos r (56) 
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Hence we define generally the force component in any 
direction (|', t]', as the product of the mass and the 
component of the acceleration in this direction From 
this it follows that force is a vector, whose direction 
coincides with the direction of the acceleration and whose 
value differs from that of the acceleration only by a 
constant factor m In fact, if we denote the force vector 
by F — ^that is, set 

F = mq = mr (57) 

then we obtain for the absolute value F oi this vector 
from (55) and (48) 

F2 = + 72 22 = m2^2 (5g) 

and for the direction of the vector, from (49) and (55) 

cosoc cosp cosy = X 7 Z (59) 

and for the component in any arbitrary direction (f, r)\ ^'), 
which forms the angle 6 with the direction of the force, from 
(56) and (50) 

Z'=F cos 6 (60) 

In virtue of (58) and (59) the foice-vcctor F will bo 
represented in magnitude and direction by the diagonal 
of a rectilinear parellelepiped, the lengths of whose sides 
are X, 7, Z Since, as comparison with (56) and (60) 
shows, these three components may completely replace 
the force vector F and vice versa, they are also completely 
equivalent to it causally — ^that is, we can compound 
together three forces X, 7, Z that act in the directions of 
the co-ordinate axes to form a single force whose value F 
IS determined by (58) and whose direction (a, p, y) is 
determined by (59) In the same way we can resolve any 
arbitrarily directed force according to the same law into 
three forces that act in the directions of the co-ordinate 
axes 

§ 23 The equations (55) or (57) contain the fundamental 
law of the mechanics of a matoiial point We may either 
use them, when the motion (38) is known, to determine 
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the force which causes this motion, or, conversely, when 
the force is loiown to determine the motion which is 
caused by the force The former is, as we see, a problem 
involving differential calculus, the latter one which involves 
integral calculus and is hence in general more complicated 
mathematically 

Let us first discuss a problem of the former kind, by 
mquirmg mto the force which causes the uniform circular 
motion considered in § 21 This comes out directly by 
combimng equations (54) and (58) as 

F = moy^r . (61) 

and IS directed, like the acceleration, from P towards the 
centre 0 of the circle Its existence can be demonstrated 
by swinging the material point P round in a circle at the 
end of a thread F then gives us the tension of the 
thread The equation (61) may also bo written m the 
form 

J (62) 

T 

These two forms of expression (61) and (62) give us a 
good example of the theorem that the question Is F 
directly or inversely proportional to r in a uniform 
circular motion ^ ” has no sense so long as it is not specified 
whether co or ^ is to be regarded as constant in the motion 
The same holds for any quantity which depends on more 
than one variable 

In applymg the theory to processes m nature we are 
mostly concerned with solving the second problem 
mentioned — ^namely, to determine the motion when the 
force IS given Then we have to integrate three differential 
equations of the second degree, so that six constants of 
integration occur These are determined by the initial 
state ” (§10) of the material point — ^that is, by the 
position and velocity of the point at the time ^ = 0 

^ = q = go ^ (63) 

which give us precisely the six required conditions In 
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general we take the '' state ” of a material point at any 
time t to be the complex concept {Inbegnff) formed of the 
SIX quantities which denote the vector of the position and 
the vector of the velocity for this time 

Let us take as our first example the simplest case where 
the force JP = 0 It then follows from (55) by integrating 
once and by using the initial state (63) that . 

dx dy dz 

and by integratmg again 

X = UQt + Xq, y =Vot + yo, z = Wot + (64) 

The orbital curve is 

x-Xq ^ y - yo ^ z-zq 

Vq Vo Wo 

that IS, a straight line, which is given by the initial position 
and the direction of the initial velocity and which is 
traversed with uniform velocity — ^in accordance with the 
law of mertia From this it follows that whenever a 
material point moves m a path which is not a straight 
line, even if the motion is uniform, the presence of a force 
IS mdicated We have already found this confirmed above 
for the case of uniform circular motion 

§ 24 If several forces P-^, F 3 , act simul- 

taneously on a material point, they may be replaced by a 
single force F , for in every motion of the pomt its acceler- 
ation has a defimte value This “ resultant ” force F is 
found by lesolvmg each of the individual forces F^^, F^, F^, 
by (58) and (59) into its components 

Xi = Fi cos 0 . 1 , = Fi cos Pi, Zx = F^ cos yi ( 65 ) 

and then combmmg them by (19) by addmg algebraically 
the components which correspond to a defimte co-ordmate 
direction In this way the three components 

Y = ZYx, Z = ZZx 


. (66) 
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of the resultant force F result In vector calculus this 
composition is briefly denoted by 

F = + Fg + F 3 + =17/^1 (67) 


where the sum of the vectors ’’ or the vectorial sum ’’ 
denotes a vector whose components are the algebraic 
sums of the components of the individual vectors The 
absolute value of this sum F which represents the magni- 
tude of the resultant force is, of course, to be carefully 
distmgmshedfrom the sum of the quantities F 2 , F^, 

of the mdividual forces 

§ 25 Before we pass on to consider further applications 
we shall draw a somewhat clearer picture of the general 
causal relationship between force and motion Suppose 
a given force F of arbitrary magnitude and direction acts 
on a point which is movmg with an arbitrary motion and 
whose velocity-state is given by the vector q What is 
the influence of the force on the subsequent motion If 
F were equal to zero the point would continue to move in 
a straight Ime, but only m this case Hence it follows that 
F has some definite relationship with the deviation of the 
motion from uniform motion in a straight line 

Which part of F effects the deviation from uniform 
motion, that is, which alters the absolute value | g | == 
and which part effects the deviation from linear motion — 
that IS, the change of direction (A, ja, v) of g ^ 

The answer to this question is obtained most simply by 
the followmg calculation If in the equations (55) we 
replace the quantities u, v, w according to (42) and (45) 

then, if we perform the differentiation 

with respect to t 


Z- 


dqdx ^ o 


d^x " 


7 = 


m 


dqdy 
dt ds 


+ mq^ 


ds^ 


\ 


Z = m 


dqdz 
dt ds 


-f mg‘ 


ds^ 


( 68 ) 
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If we denote the first summands m these eq^uations by 
Xj^, Y]_, and the second by X^, T^, Z^, then by (67) 
we may regard F as the resultant of two single forces 
f 1 and Fg, whose components are represented by these six 
summands as given above Hence 


F = Fi + Fa 

The first single force F^ has the absolute value 


= m 


dq 

dt 


(69) 

(70) 


and its direction coincides with the direction of the element 
of arc ds or the velocity q 

The second single force Fa has the absolute value 



and its direction ratios are 


d^x dhj d^z 
d^ dS^ 


(72) 


The two forces F^ and Fg arc mutually perpendicular, for : 


dx dH dq #?/ ^ „ 

~ds ds^ ^ ds ds^ ds ds^ ~ 


as wo find by differentiating the identity 



(73a) 


with respect to s Hence we have here resolved the force 
F into two components F^ and F^, the first of which acts in 
the direction of the motion and the second in a direction 
perpendicular to the direction of motion , and of all the 
normals to the curve the direction (72) is that of the 
“principal normal” or the normal which lies in the 
“ osculating plane ” of the curve {KrUmmungsebene ) — 
that IS, in the plane which has three successive mfinitely 
close points m common with the curve These three 
points also determmo the circle which approaches the 
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curve most closely and whose radius is therefore called the 
' ' radius of curvature '' poi the curve Its recipi ocal value 
IS equal to the square root in (71) 



All these results can he combined in the following 
physical statement to find the influence of any arbitrarily 
given force JP on a material point which is moving with an 
arbitrarily given velocity q we resolve the force F into the 
two components parallel and perpendicular to the direction 
of the velocity The absolute value of the first com- 
ponent, the ‘‘tangential force ” gives, by (70), the change 
in the magmtude of the velocity 

^ = ± . . (74ffl) 

dt m 


where the -f or the — sign applies accoiding as the 
direction of F^ is in the same direction as the velocity or 
in the opposite direction The direction of the second 
component, the “ normal force ” JPg, gives us the principal 
normal to the orbital curve and hence the osculating plane , 
its absolute value JPg gives, by (71) and (74), tho radius of 
curvature 


P = 


mq^ 

^2 


(75) 


Smce the normal force is directed towards the centre of 
the circle of curvature it is often called the “ centripetal 
force ” This term is not entirely free from objection, as 
it easily gives the impression that this force acts in the 
direction of a prescribed objective, the centre of curvatuio 
But the actual state of affairs is just the reverse what is 
primarily given is the force jPg, and the curvature is only 
secondary, being produced by the force, by (75) the 
curvature depends not only on the force, but also on the 
velocity-state of the moving point The more rapidly 
the pomt IS movmg the greater is p and the smaller is tho 
curvature 
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The reader who is not familiar with the analytical 
lelations that have here been used and that involve the 
principal normal and the radius of curvature of a space- 
curve may derive the above mechanical theorems in the 
following more geometrical way Prom (56) we get by 
diffeientiating with respect to t and taking into account 
(42a) 

X' == m (^cos €) = m ^cose — mgsine^ 

where X' denotes the component of the force F in any 
arbitrarily chosen fixed direction x' and e is the angle which 
this direction forms with the direction of the velocity q 
According as we make the constant direction x' coincide 
with the tangent € = 0 or the principal normal 

de = — — ^ or the bi-normal (ile == 0^ at a 

definite point of the space-curve wo get from (76) either 
the tangential force or the normal force or zero, and hence 
the preceding theorems follow 

The relationship between the tangential force and the 

acceleration component ^ is clearly a generalization of 

the law (8) which governs rectilinear motion, and that 
between the normal force and the radius of curvature p is 
a generalization of the law (62) which governs uniform 
circular motion 

§ 26 Wo next consider the motion of a material point 
under the influence of its gravitational force alone , this 
IS the same problem as that treated m § 10 except that now 
the initial velocity qQ of the point need not be in a vertical 

direction, but may form any arbitrary angle (< 2 ) 

the horizontal The motion clearly follows in that 
vertical plane which is defined by the direction of the 
initial velocity If we now choose (as we shall make a rule 
of doing in the sequel) the ; 2 -axis to be in the upward 
direction, the x-axis in the plane of the motion and the 
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origin of co-ordinates at the initial position of the point, 
then the complete equations of motion (55) run 

X = 0 = m Z= - mg = m (76a) 

With the initial conditions, for ^ = 0 

0*0 =0, Zq== 0, Uq = qQ cos Ao, Wq = qo Bin Aq 

Integrating once and taking into account the initial 
conditions, we get 

dec 

^ ^ = S'oCOsAo 

dz ^ . 

Jt ~ ?oSinAo 

Integrating again we have 

a; = g'o cos A# t 

2 + goSinAo t 

Eliminating t from these two equations wo got the 
equation of the orbital curve 




cos^ Ao 


+ tan Ao x 


a parabola whose axis is parallel to tho z-axis (Eig 5) 
Its second point of intersection with the a:-axis gives the 
horizontal range or distance of throw {Wurfweite) 


OA = 

g 

The height of its vertex above the x-axis {Wwrjhohe) is 

dz 

given by^-O 


BC = ^0 

2sr 


If we assume as constant but Aj as variable, wo got 
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the greatest range when Aq = j , and the greatest height 

IS attained when Aq = ^ The highest point reached is 

technically called the culminating pomt 

To strike a definite point {x-y, z^) for a given definite 
we must choose Aq so that the equation (79) is satisfied hy 
X = Xy, z = Zy This gives us a quadratic equation for 
tan Aq, and hence again either two or no real values for Aq 
except in the limiting case Hence for a given imtial 
velocity either the target-point can he struck hy aiming 
in two different directions {Flachschuss (low or direct aim), 


Z 



SUilschuss (high or indirect aim)] or, if it is too far away, 
hy no aim at all 

Another noteworthy relationship is that which tells us 
how great the velocity q of the pomt must be at a definite 
height z This is obtained by eliminating t from (77) and 
(78) and comes out very simply as 

q^ -f 2gz = V (80) 

The velocity q docs not theiefoie depend on x, but only 
on the height z, and the parabola does not only lie sym- 
metrically with regard to its axis, but is also traversed 
symmetrically, since at the two pomts for which z has 
the same value, the velocity is agam the same 

§ 27 If we wish to take into account the resistance of 
the air wo must introduce a second force in addition to 
gravity, and this force is directed at every moment 
oppositely to the velocity at that moment , also its magni- 
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tude W depends in a certain way on q I’ho equations of 
motion are then, m view of (66) 

X= - - W-=m^ 
as q at 

rr 1X7 xxt'^ 

These equations can be integrated only if W is given as a 
function of q For smaller velocities W is j)joj)oitional 
to q (cf § 13), for greater velocities it is found experi- 
mentally that W varies more rapidly with q than its fit st 
power The orbit no longer comes out as a parabola but 
as a ballistic curve ” If this curve is evaluated in a 
particular case it can serve conversely to doteimmo IF as a 
function of q 




CHAPTER HI 

CENTRAL FORCES POTENTIAL 

§ 28 Before passing on to integrate the equations of 
motion of a material point we must first find out what 
force IS acting on it The present chapter is devoted to 
this problem Among all forces in nature those which 
have been most mvestigatod are central forces (§ 12), and 
among them the most important again are those whose 
magnitude is inversely proportional to the square of the 
distance, as m Newtonian gravitation We shall therefore 
deal with the mverse square law first We may leave 
out of the discussion entirely the question as to the origin 
of gravitation , for the sigmficance of the law of gravitation 
does not depend on the answer to this question but on 
the circumstance that it comprehends the motions of all 
the heavenly bodies to the smallest details in one very 
simple and very accurate expression 

According to Newton’s law of gravitation a material 
pomt of mass m is attracted by another material point of 
mass p. and at a distance r with the force 

Here /, the gravitational constant, denotes an absolute 
or universal constant whose numerical value of course 
depends on the units fixed for length, mass and time, 
moreover, by {8a), f has the dimensions 



We shall calculate the numciical value of / later in ems , 
grms and secs (§ 34) 





46 


GENERAL MECHANICS 


OHAr 


If we had not already arbitrarily fixed the unit of mass 
there would have been nothing to pi event our choosing 
the unit of mass so that 

/= 1 

The gravitational constant would then be a pure number 
and the mass would not be a self-dependent quantity but 
would have the dimensions 



The unit of mass so defined is used for convenience in 
astronomy and is called the '' astronomic unit of mass ” 
From this we again see that the dimensions of a physical 
quantity are not inherent in it, but constitute a conven- 
tional property conditioned by the choice of the system 
of measurement If this circumstance had always been 
properly appreciated, a great number of unfruitful con- 
troversies m physical literature, particulazly concerning 
that of the electromagnetic system of measurement, 
would have been avoided 

§ 29 The expression (82) not only gives us the force 
with which the point m is attracted by the ])oint /x, but 
it also represents the force with which the point /x is 
attracted by the point m, as can be inferred at once from 
the symmetrical form of the expression This is a special 
case of Newton's Third Law, the Principle of Action and 
Reaction, which states m its general form to every force 
which one material point exerts on a second point there is an 
equally great and oppositely directed force which is exerted 
on the first point by the second A stone of weight G which 
falls to earth attracts the earth with the same force 0 as 
the earth exerts on the stone The fact that the earth 
does not move appreciably towards the stone is only due 
to the inertial mass of the earth being enormously greater 
than that of the stone, so that by (8) the acceloiation of 
the earth due to the force 0 would be vanishingly smal 1 

Newton’s third law can be traced back quite generally 
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to other principles (cf § 129) The following remarks 
■will suffice for the special case undci consideration We 
imagine the two material forces m and /x to be '' rigidly 
connected ” — ^that is, to be fastened to the ends of an 
incompressible and inextensible rod of vanishingly small 
mass, but free to move about Now if the attractive 
forces exerted on the two points by each other, indicated 
by arrows in Fig 6, were not equal, the whole system under 
consideration would have to start moving in the direction 
of the greater force, and since the distance t and hence also 
the forces remain constant, the difference 
would also remain constant and hence 
the velocity of the rod would in the 
course of time increase beyond all limits tr\ 

Such a process is impossible in nature ^ 

§ 30 If we denote the co-ordinates of 
the point m (Fig Q)'hj x,y,z and those of the point [jl by 
7 ], I, then the components of the gravitational force 
which acts on m are 

Y- omiL ^ — X 

y Vul 

y _ L“ 5 

where 

T^={x- + {xj - riY + (Z - lY (85) 

Ah a conHideration of simple special cases easily con- 
vinces us, these expressions also give us the correct sign 
for the components for all positions of the two points, if 
the magnitude r is always taken as positive 

If the point m is attracted simultaneously by several 
points whoso masses are 1 x 3 , the components of 

the resultant force which acts on it aio, by (66) and (84) 

X — Jm 7 forth 




( 86 ) 
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where the summation is to be taken over the indices 

1 , 2 , 3 , 

§ 31 We shall now assume that the attracting masses 
occupy a finite space continuously — ^that is, we shall 
calculate the gravitational action of a continuously 
extended material body on a material point This 
problem may be reduced to the preceding problem by 
dividing the material body by means of an (infinity)^ 
family of planes parallel to the co -ordinate planes into 
an (infinity)^ number of volume elements, each of which 
contains a mass which may be regarded as a material 
point To find /a we first assume the body to bo homo- 
geneous ’’ — ^that is, that it contains equal masses in equal 
volumes Then the ratio of any part of the mass to the 
volume which it occupies is a constant, and is equal to the 
quotient of the mass M of the whole body by its volume 
F 



The constant h is the density ’’ of the homogeneous 
body But if the body is not homogeneous the ratio of any 
part A-M" of the mass to the volume AF which it occupies m 
called the mean density of the body in the volume in 
question The mean density depends in general on the 
position, size and shape of the volume considered Ff wo 
now allow the volume AF to decrease without limit until 
it becomes the volume dF, in which process the contained 
mass also shrinks to a material point /x, the mean dennity 
merges into the local density 

. , ( 8 ,) 

which now depends only on the position 17, $ and not 
on the size and form of the element of volume 

dV = d^.d7j dl . ( 88 ) 

If h 18 given as a function of rj, I the distrihution of 
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inaHH ux tli(' XV hole body ih completely determined In 
particular, the total mass of tlxe body is, by (87) 

= = (89) 

By substituting the value of ju. fiom (87) m (86) we get 
the coinpononts of the attractive force which the material 
point m cxpciicnccs owing to the action of a continuously 
extendc'd inatiuial body of given density L 

X - fill ~~ <wd so foith (90) 

where 

, _ I V(» - iy I- (// - vy 1- (2 - 0" 

l’h(' integiation is to be poifoiined over all the points 

7 ), 5 of the body, where k is to bo regarded as a given 
function of C, V’ whereas the quantities a, y, s remain 
constant during the integration 

§ 32 Ah an illustration wo shall calculate the attraction 
which a material sjihero of given density k exerts on the 
material point m 'Fo perform the integration in (90) it is 
expedient to introduce in jilaco of the rectilinear co- 
ordinates 7], I the jiolar co-ordinates p, 6, <j» whose 
meaning can bo exemplified iwi follows from Fig 3 (§ 17) 
If the polar co-ordinati's p, 6, 4 refer to the point P then 
p (positive) IS the distance OP, B (between 0 and tt) is the 
angle between the s-axis and the direction OF, and <f) 
(between 0 and 2w) is the angle between the xz-plano AOz 
and the plane JiOz which contains the point P, measured 
in the direction from the rg-plano to the yz-plano From 
this wo arrive uniquely at the relationships between the 
polar co-ordinates and the rectilineal co-ordinates t Vy C 
of the point P . 

^ -t pHinO 7j pHinl?siu</), I -y pc.oaB . (92) 

We also divide the body into (dements of volume dV 
which correspond to the polar co-ordinates that have 
been introduced First we divide the whole sphere into 
infinitely thm eoncentuc spherical layers, one of which 

K 
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has the internal radms p and the external radius p -h dp, 
and we first calculate the attraction of the mass contained 
m this spherical layer on the point m — ^that is, we take the 
integration in (90) only over the volume-element dV ol 
this spherical layer Then p and p dp remain constant 
during this integration and we have only to integrate over 
9 and (f) To express dV m polar co-ordinates we sub- 
divide the spherical layer further by means of an infinite 
number of infinitely near surfaces 0 = const and</» = const 
The former are simple circular cones described with then 
centre at 0 around the 2 :-axis , the latter are half -planes 
jr which are bounded by the ai-axis Two 

^ adjacent cones 9 and 9 + d9 cut two 

parallel meridians of latitude out of the 
\V^ sphere p, two neighbouring planes ^ and 
<!> + d^ cut two half meridians of longi- 
/ 0 I I I "fc^de out of the sphere p (Fig 7) These 

V / / / mark off a i octangular element 

// / of surface, whose area is represented by 
the product of the element of arc on the 
Pig 7 meridian of longitude, pd9, and the 
element of arc on the meridian of lati- 
tude, p sm 9 dej) Multiplying this element of area by dp 
we get as the volume-element of the spherical layer 

dV==p^Bin9 dd d<l> dp (93) 

To simplify the calculation wo assume the attracted 
point m to he on the positive 2 :-axis, which in no wise 
restricts the generality of the argument — ^that is 

X ^ 0, y = 0, z> 0 (94) 

If we assume the spherical layer to be homogeneous— 
that IS, assume the density k to bo independent of 6 and 
(j), then, as we can easily see on physical giounds, X ^ 0, 
7 = 0, and the whole attraction of the spherical layer oi 
shell reduces to the component Z, which by (90) and m 
view of (92) and (93) comes out as 

Z=fmhpHp dddcl, 
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The integration ovex </> from 0 to 27r may be performed 
and gives 

) cos 6 — z 


Z = 27rfmkp^dp I ~ 

•'c\ 


sin 6 dO 


The last integral may be easily evaluated if we use r as 
the variable of integration Here we have, by (91), (92) 
and (94) 

^2 ==p 2 + 2 :^ _ 2pz co^e (95) 

and hence, when p and z are constant 

rdr = pz sm Odd (96) 

Consequently, if wo introduce r and dr in place of 6 and 
dd 


Z = ^Trfmkpdp i 




2z 


dr 

zr'^ 


Here r^ and r^ are the values of r for 0 = 0 and 6 = rr, 
and so by (95), since r>0 

’■o=l2-p|> ri = z + p (97) 

If we perform the integration we get 


Z 


Trfmkpdp 


z^ 




To be able to evaluate Tq we must distinguish between 
two cases 

Case L z>p, that is, the point m is situated outside the 
spherical layer 

Then — z — p, and 

AnfmlcpHp (97a) 

^ 

where we use dM to denote the total mass of the spherical 
layer. Hence the attraction exerted by a homogeneous 
spherical layer on a material pomt outside it is just the 
same as if the mass of the layer were concentrated at the 
centre of the sphere 

Case II. z<p , that is, the pomt m is situated inside 
the hollow space of the spherical layer 
Then ra — p — z, and 

Z - 0 (97&) 
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The attraction exerted by a lionioffcneouH Bpliencsal 
layer or shell on a material point inside it is thus eipial to 
zero 

§ 33 The results which have been obtained for tlu* 
gravitational action of an inlimtely thin hoinogcnieous 
spherical layer may bo applied directly i/O ealcnilati^ the 
attraction of a spherical layer of finite thi(*kness , the solid 
sphere is included as a paiticular case Jt is only necessary 
to assume that the density k is indepcndimt of the anglins 
9 and 9 ^, whereas it may depend arbitrarily on tlu^ radius 
vector p 

We shall restrict ourselves hero to considei^ing the 
attraction exerted by a hollow homogemeoug spheux^ of 
radii Pi and P 2 (>Pi)> on a point-mass m situated at a 
distance Tq from the centre of the sphere Thiec^ emm 
are to be distinguished 

Case I. The point m lies outside the hollow spheie. 
U>P2 

Then each of the concentric and infinitely thin spherkuil 
layers acts as if its mass were concentrated at tht' oent»re 
of the sphere Hence the whole mass of the spheres 

acts in the same way and the attraction becouK^g . 

^ nfmk . (OB) 

Case II. The point m lies somowhero iiiHido the hollow 
sphere rQ<pi 

The attraction is then 

^'2 = 0 , ( 5 ) 0 ) 

Case III. The point m lies msido tlio mass of tlu* layer. 
P 2 ^ ^0 ^ Pi 

In this case we describe a concentric sphere which passeg 
through the point m, its radius being Tim sphere 
mvides the hollow sphere into two parts, an intc^mal 
hollow sphere of radii and and an external liollow 
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sphere of radii Tq and p 2 The attraction due to the latter 
IS zero, by (99), so that only the attraction of the former 
remains, which is expressed, accordmg to (98), by . 

= ^^fmk ■ (100) 

It IS interesting to investigate how the value F of the 
attraction varies when the attracted point m is brought 
from an infinite distance (r,, = go ) up to and into the 
interior of the sphere until ro = 0 First the formula 

(98) holds, then the formula (100) and finally the formula 

(99) It IS of particular importance that for the bTmt.mg 

cases ^0 = p 2 a-nd the successive formulae should 

each time give the same value for F, namely for Tn = Oo 
the value 

^1 = 1^^ = (101) 
and for the value 

F, = F^ =0 

Thus the attractive force varies conUnuously throughout 
with the position of the point m, even when the point 
passes through the suifaco of the attractmg masses 
This theorem is clearly valid generally, even for non- 
sphcrical masses , for if the attraction F at the surface of 
an attractmg mass were discontinuous — ^that is, if it had 
different values on the two sides of the surface— the 
abrupt transition could bo duo only to the gravitational 
action of those pai tides of mass which lie on the surface 
and are nearest to m , but these particles can be imagined 
to a sufficient degree of approximation to be a portion of 
a homogeneous sphere of appropriate density, and for 
this case continuity was proved above 

For a solid sphere of ladius R wo have pj^ = 0, == R, 

and the attraction exerted on a pomt m at the distance 
rQ<R from the centre is, by (100) 



( 102 ) 
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That IS, the attraction of a homogeneous spheio on a 
point-mass in its interior is directly proportional to its 
distance from the centre and is independent of the radius 
of the sphere The attraction attains its greatest value at 
the surface of the sphere 

§ 34 An important example of the laws above obtained 
IS given by the gravitational action of the earth on a 
point-mass m situated at its surface , for this represents 
the ■weight G = mg of the point-mass (§ 10) Although 
the earth is certainly not homogeneous its density k will 
depend essentially only on p and not on the direction 
(0, so that we may imagine the earth’s sphcio to be 
divided into concentric and infinitely thin homogeneous 
layers Accordingly its attractive foicc on a point 7n at 
its surface is 


JmM 


= mg, 


where B denotes the ladius and 31 the mass of the eaith, 
or 


fM 


^9 


(103) 


Here g and B are to be considered directly measurable, 
so that we can obtain the value of /Af On the other hand, 
the two factors f3^ cannot be separated without a special 
measurement being made The pioblcm of determining 
the mass 3£ of the earth is thcrefoie essentially identical 
with the problem of determimng the gravitational con- 
stant / This IS solved by measuring the giavitational 
action of any known mass, for example of a mountain of 
known form and density, or of a block of load The 
mass of the earth is usually given by specifying its moan 
density 


km 


“ V 


= 55 


g rm 

-cm 


( 104 ) 


Since the density of the rock masses which Ho at the 
surface of the earth amounts to about 2 5, the density of 
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the earth increases rapidly towards the centre of the 
earth 

The numerical value (104) corresponds, by (103), to the 
value of the gravitational constant 

/ = 6 7 10-8 r (105) 

' Lgrm sec 

§ 35 We now revert to the general case of any arbitiary 
central forces and consider the resultant attraction 
exerted by a system of masses in arbitrary positions on an 
individual point-mass P Since m this portion of the 
present volume we are concerned with the motion of a 
single material point, we assume the attracting point- 
masses, whose co-ordinates we agam take as rj, to be 
at rest, but the point P, on which the attraction acts and 
which IS theicfore called the “ reference-point ” {AufpunJct) 
as capable of motion , that is, its co-ordinates x, y, z may 
vary in value The question now is how does the 
attraction depend, in magmtude and direction, on the 
position of the reference-point P, that is, on its 
co-ordinates ^ 

For the sake of generality we shall not take the special 
Newtonian law of gravitation but any arbitrary law of 
attraction by setting the value of the attraction which a 
point y, I exerts on the point P equal to any function 
f{r) of the distance For the Newtonian law of attraction 
f {r) then becomes (82) For the moie general law of 
force the components of the resultant attraction exerted 
by a system of point-masses at rj, I on the point P are, 
on the model of the equations (84) and (86) 

7 = 27/(ri) • i (106) 

Z^^Efirx) 
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The summation is to be perfoimed ovei the order 
numbers 1, 2, 3 of the attracting masses llio c<ihe of 
repulsive forces is also contained m these equations , for 
then we only need to take / as negative Jf the acting 
masses are distributed continuously ovei a finite s|>a(‘(% 
then integrals occur in the place of the sums, as above in 
§ 31 The following considerations also ajiply m that case* 

§ 36 To find the influence of a change of jiosition of 
the reference-point P on the magnitude and dnection of 
the attractive force which acts on it wo must investigate^ 
the components X, T, Z of the resultant force as functions 
of the co-ordinates x, y, z of the ieferencc-])oint We 
then arrive at the impoitant result that the three fumdions 
X, y, z can always be referred back to a single function 

For if we set 

J/(r) dr = F{r) (107) 

and 

U - P(ri) + P(r,) + - (108) 

we get the following result by differentiating with rc^spect 
to X, say, the function U so defined 

OX dri dx dx 

Now, by (85) wo have if wo diffexentiato ])artially with 
respect to x 

= ( 10 !)) 

If this 13 substituted in the last oq[uati<m, wo f>;(‘t, in view 
of (106), the relationship • 

Z = - and similarly, . (11 0) 

The function U, whose negative derivatives with rcisiHict 
to X, y, z represent the force components, is called the 
potential of the masses acting on the point P An additives 
constant remains undetermined in it on account of tlie 
indefinite lower limit of the mtcgral (107) This constant 
clearly has no physical significance 
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For the special case of Newtonian gravitation /(r) 
becomes (82) and accordingly, by (107) 



and the gravitational potential is, according to (108) 

U=-fm2J^ (HI) 

Here, for the sake of simplicity, we have given the 
additive constant a value such that U vamshes when the 
refoxence-point P moves to an infimte distance from all 
the attractmg masses 

Through the introduction of potential the treatment of 
the whole problem of attraction becomes enormously 
simplified, since now only one function need be found 
instead of three Moreover, the potential has several 
advantages over force itseH , for example, it is simple and 
symmetrical in its structure, and m compoundmg the 
effects of several masses the potentials simply add up 
algebraically, whereas the forces must first be resolved 
into their components Quantities such as the potential 
U and the mass m which have no direction, but which are 
defined completely by a single numerical value, are called 
scalar quantities oi “ scalars,” to distinguish them from 
vector quantities 

If the attracting masses arc continuously distributed 
in space with a density which is given as a function of 
I, -T}, then by (87) the sum (111) becomes transformed into 
the integral . 

U==-/mj~ • . ( 112 ) 


Here dV is given by (88) and r by (91), and the mtegra- 
tion IS to bo performed over all the pomts t], ^ of the 
space occupied by the attractmg masses Since r>0 
always, the gravitational potential V is an essentially 
negative quantity. 
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§ 37 To bring out clearly the advantage of introducing 
the potential we shall now discuss the same example as 
above in § 32 the attraction exerted by an infimtely 
thin homogeneous spherical layer on a reference-point 
situated on the positive z-axis , but now we shall use the 
potential The notation remams the same as formerly 
Then by (112) and (93) 

The integration with respect to from 0 to 271, can be 
performed directly Instead of 6 we again introdnoo r, 
by means of (95) and (96) and wc then easily obtain 

C7 = - 2njmJcpdp 


where and are given by (97) 

We must now again distmguish between two cases : 

Case I z>p — ^that is, the reference-point is situated 
outside the spherical layer Then = 2 ; — p and 


17 = - 


4:7rJmhpHp 

z 


■f 


m dM 


(113) 


where dM again denotes the mass of the spherical layer 
Thus the potential of a homogeneous spherical layer for a 
point-mass outside it is exactly the same as if the mass of 
the layer were concentrated at the centre of the sphere , 
and by (110) the attractive force becomes 

„ dU M dM 

z - - 37 - . - 

which agrees with (97a) 

Case II. z<p — ^that is, the reference-point lies inside 
the hollow space Then = p — 2 ;, and 

U = — 4fTTfmhpdp = — • (114) 

p 

Thus the potential of a homogeneous sphencal layer 
with respect to a pomt-mass in the mtorior of the hollow 
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space IS independent of its distance from the centre and is 
exactly as great as if the point-mass were situated at the 
centre In that case it is equally distant from all elements 
of mass of the layer, and the potential, which is the sum 
of the individual potentials, is obtained simply by dividing 
the total mass dM of all the elements by the common 
distance p 

For the attractive force we again obtain by (107) 


which agrees with (976) 

§ 38 Let us now also calculate the potential of a 
hollow homogeneous sphere of radii and p 2 {>Pi) with 
respect to a point-mass m at a distance from the centre 
Here again, as in § 33, three cases are to be distinguished 

Case I. The point m lies outside the hollow sphere 
rQ>p 2 Then each of the concentric and infinitely thin 
spherical layers acts exactly as if its mass were concen- 
trated at the centre Hence the whole mass of the hollow 
sphere acts in the same way, and the potential becomes 

JJi = — ~fmk ^ (115) 

Case II. The point m lies somewhere in the interior of 
the hollow space Tq <''pj 

Then the potential is independent of Tq and exactly as 
great as if m were situated at the centre — ^namely, by ( 1 14), 
if we integrate over all the spherical layers 

[Qm 

f/jj = — 4cTrfmk I pdp, 

-27r/mfc(p2®-pi^) (116) 

Case III. The point m lies inside the layer of the mass 
itself j 02 >^o>Pi 

We describe through the pomt m the concentric spherical 
surface of radius r^, which divides the whole hollow sphere 
into two parts, an inner hollow sphere of radu pi and 
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and an outer hollow sphere of radii and Tho 
potential of the inner hollow sphere results fioin (115), 
that of the outer from (116), the respective i<ida being 
taken mto account Thus the required potential, being 
the sum of the two partial potentials, is 

^3 = - - r„“) (117) 

If we move the reference-point m fiom an nifinito 
distance (rg = oo ) up to the hollow spheie and through tho 
layer of matter into the inner hollow spheie, lirst the 
formula (115) holds, then (117) and finally (IIG) Foi the 
hmitmg cases rg = and Tq — the successive fonnulai 
m each case give the same value for U , namely for = 
P 2 the value is 

= - ^fmk (p./ - (118) 

and for = p^ the value is 


D-g = Ua = - 27 rfmk (p./ - p^) 

Thus the potential U changes continuously with thi‘ 
position of the reference-pomt m, even when m passes 
through the surface of the attracting mass, and it is easy 
to see from considerations similar to those adduced in 
§ 33 that this theorem also holds for non-splu'ncal ami 
non-homogeneous masses 

For a solid sphere of radius B wo have pj — 0, p^ B, 
and the gravitation potential at a point w at a distanoo 
r^<B from the centre is, by (117) 

U = - ~fmk {BB^ ~ ro^) , . (nO) 


§ 39 Let us now consider more closely tho physical 
sigmficance of potential, we shall not restrict ourselves 
to gravitation, hut, m conformity with tho expression (108), 
we shall assume any arbitrary law of attraction Corre- 
sponding to every point a:, y, z of space regarded as a 
reference-pomt there is a defimte value of tho potential 
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U, and by equation (110) each of the three force-compon- 
ents acts in the direction in which U decreases , if, for 
example, U increases in the positive direction of x, then 
X IS negative Moreover, the force-component is the 
gieater, the more rapidly U varies with the co-ordinate in 
question , it is equal to the potential gradient ” in the 
direction m question This may also be expressed by 
saying the attractive force tends to decrease the potential 

Since any direction in space may be chosen as a co- 
ordinate axis, we also have that for any arbitrary direction 
x' 

X' = - g (120) 

To show this in a more analytical way we form the 
differential coefficient 


dU _ dU dx x^^dy dUdz 
dx' dx dx' dy dx' dz dx' 


(120a) 


Here the second factors of the 
three products are the cosines of 
the angles ^ rj', I', which the 

direction x' makes with the co- ^ g ^ ^ 

ordinate axes, as may be seen from Fig 8 

Fig 8, where PA = dx', PB = dx, 

and the angle P = Thus, taking into account (1 10) we 

have 


dU 

dx' 


- {X cos + T cos rj' + Z cos 


from which, by (5C), we immediately get (120) 

The preceding discussion at the same time shows quite 
generally that the differential coefficient of any scalar 
function U of x, y, z with respect to the different directions 
of space always represents the components of a vector, 
which IS called the space gradient of ?7 ” and is written 
grad U We may therefore write equations (110) m 
vectoual language briefly as 

F == — grad U 


( 121 ) 
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§ 40 The way in which the attracting force F (tepcnds in 
magnitude and direction on the position of the rcforonco- 
pomt IS brought out most clearly by a graphical method 
of representation Let us imagme that at every reference- 
point the corresponding value of the potential has been 
noted and let us take together all those reference-points 
which have a definite value, say c, for the jiotential 
The co-ordmates of these pomts then satisfy the equation 

U =c, 


That IS, the pomts form a surface, which is called an 
“ eqmpotential surface ” Corresponding to every value 
of the constant c there is a definite equipotcntial surface 
and by varymg c from — oo to oo wo obtain all the 



possible equipotential surfaces whicli 
fill the whole of infinite space A level 
surface may also consist of several 
shells entirely distinct from one 
another, but two difTercnt equipotential 
surfaces can never intersect 
If all the active masses ho in finite 


Fig 9 regions and if the potential of a mass 

IS equal to zero at an infinitely distant 
reference-pomt, as in the case of gravitation, then for all 
infinitely distant reference-pomts U = 0 — ^that is, the 
infimtely distant spherical surface is an equipotential 
surface Then none of the other equipotential surfaces 
goes off to infimty, but every one of them is a closed surface 
(Eig 9) the form of which of course depends on the position 
of the actmg masses 


The representation by equipotential surfaces gives us 
a direct intuitive knowledge of the characteristic propi^rties 
of the field of force — ^that is, of the magnitude and direction 
of the force F at any arbitrary reference-point For if we 
take the reference-pomt P (Eig 9), through which we shall 
assume the eqmpotential surface ?7 = c to pass, and de- 
scribe through it the tangential piano to the surfact^, them, 
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if dx' denotes an mfimtcly small displacement of the 
referencc-pomt in the tangential plane 


and by (120) X' — 0 — ^that is, the component of the 
force F m the direction of any tangent to the equipotential 
surface is equal to zero, or the force is perpendicular to 
the tangential plane Thus if n denotes the normal to 
the equipotential surface measured in the direction of F 
the component of F in the direction n is at the same time 
the total resultant force 

F = - ^ (122) 

an 


In general, the quantity F has different values at 
different points of the equipotential surface The graphical 
representation of equipotential surfaces also gives us a 
clear picture of this law Let us consider two very close 
equipotential surfaces 27 == c and U = c', where c' is to 
be a little smaller than c Then the force F acts at all 
points P of the surface c in the direction from c to c', and 
the magnitude of the force is, by (122) 



where A = dn denotes the (positive) distance in space 
between the two surfaces That is, the value of the force 
is inversely proportional to the distance between the two 
surfaces. The closer the surfaces lie together, the greater 
the force 

In this way the equipotential surfaces are closely 
analogous to the isothermals and isobars represented by 
curves in meteorological maps , in these maps the place of 
potential is taken by the temperature or the pressure, the 
negative gradient of which gives the value and direction of 
the current of heat-conduction or of the pressure 

The curves which intersect the equipotential surfaces 
c, c', c'\ normally (indicated by dotted lines in Fig 
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9) and in the direction of dcci easing potential me called 
the '' lines of force ’’ of the field, since they give the 
direction of the force which acts at each point of them 
For example, in the case of a homogeneous sphere which 
acts according to the law of gravitation the cqinpotential 
surfaces are the concentric spherical surfaces, the lines of 
force are the straight lines which run from the outside to- 
wards the centre If the sphere has a concentric spherical 
space in its interior this whole space represents a single 
degenerate equipotential surface, in which the course of 
the lines of force remains indeterminate 
In general, the equations of a line of foice are, by (1 10) 


dx dy dz = 


w du du 

dx dy dz 




A line of force cannot return into itself, but must either 
go off to infinity or end at a singular point For, as it 
always runs in the direction of decreasing potential, and 
since, hy definition (108), the potential has a single definite 
value at every point in space except for an arbitrary 
additive constant, it is impossible foi a lino of force to 
return to its starting-point 

§ 41 Let us consider lastly the special case where the 
reference-point P is in equilibrium — for examples mid-way 
between two equal attracting point-masses , then f)y 
( 110 ) 


^=0 ^ = 0 = 0 
0a; ’ dy dz ^ 


(124) 


that IS, the direction of the line of force which passes 
through P is indeterminate A point of equilibrium of 
this kmd, which we shall denote by Pq, is thus a singular 
pomt m the system of eqiupotential surfaces and linos of 
force By ( 1 24) this is the case, for example, if the f umstion 
U has an absolute maximum or minimum at Pq It is 
easy to see then that in the former case the equilibrium is 
absolutely unstable and m the latter case absolutely 
stable For if the referenco-pomt P is displaced a little 
from its position of equilibrium Pg, the equations (124) no 
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longer hold, and the point is set into motion by the force 
which acts on it namely, in the direction of decreasmg 
potential 

If the potential 17 is a maximum at Pj the movmg pomt 
accoidingly cannot return to its position of eqmlibrium— 
that is, the ecLUilibrium is unstable The reverse is true if 
the potential O has a minimum at 

But the equations (124) may also hold without U hemg 
a maximum or a mmimum , the answer to the question 
whether the point when displaced from its position of 
equilibiium returns to it or not depends on the direction 
in which the displacement has occurred, and the eqmh- 
biium IS called conditionally stable or conditionally 
unstable 

If, finally, U is constant within a finite space, as in the 
case of the internal space of a hollow sphere discussed m 
§ 38, the equations (124) hold in the whole space The 
equilibuum is not disturbed at all then by a displacement 
of the refcrcnco-pomt and is therefore said to be neutral 
{tnd%Jferent) 

§ 42 Whereas the above laws, from § 39 onwards, hold 
for any arbitrary law of attraction, we shall now deal m 
particular again with Newton’s law of gravitation In the 
expression for the Newtonian potential U, which is 
rcpiescntcd by (HI) or (112) accordmg as we are dealmg 
with masses distributed as pomts or spatially, the essential 
and characteristic feature is the function multiphed by 
— /in, which IS therefore often called the “potential 


function ’’ 

in 

contrast to th.e potential 

U The 

exprcwBion 

for it IS; 

, in the two cases given 




r-i 

(125) 

and 


X 





(126) 


The most important difference between these two 
expressions for the potential function is this, that if the 
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reference-point x, y, z naoves into one of the active maHses 
rj, I the first expression and all its differential coeffieaciits 
become infinitely great, whereas the second expression, as 
we saw in § 38, is finite in the mteiior of the active tnassc^B 
and remains continuous even in passing thiough the 
surface 

Let us next also inqunc into the diihnential cocffkni^iits 
of the potential function <j> in (126) with respect to ^ , //, z 
The first differential coefficients give tlie components of 
the attractive force, and hence are, by § 33, finite and 
continuous throughout Their values are obtained from 
(126) by differentiation, if we beai in mind that k depmids 
only on 7], ^ but not on x, y, z 

d<j> f(i~x)IcdV , , ,, , , 

^ = j - -.incl so forth, (127) 


which agrees with (90) 

The fact that the quantity is fiiiito for an internal 

0 t> 

point in spite of in the donoimnator may be hcen 
directly if we express dF in polar co-ordinati'S, with the 
reference-point x, y, z as oiigrn 'Tluni tlio factor 
becomes m the expression (93) for dV, and m (127) we 
are left, apart from only finite quantities, with only the 

factor — ^ which is less than 1 

§ 43 The circumstances become dilTei'cnt if wo jiass on 
to the second differential coefficients of <j) with respei’t to 
X, y, z For if we agam differentiate (127) with rospc'ot to 



This expression has a defiinto meaning only if r is diff(>rent 
from zero throughout-that is, if the roferoncc-poiiit lit‘H 
outside all the active masses For if rr, y, z ooincides with 
one of the I, y, ^’s, r becomes equal to zero, and by mtro- 
duemg polar co-ordmates we see, as at the end of the 
precedmg section, that every term in 128) tends to 
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infinity logarithmically, so that the value of the difference 
assumes the indeterminate form oo — oo 
We therefore first restrict our attention to the case 
where the reference -point x, y, z lies outside By forming 

and — analogously and adding these three integrals, 

we get, taking into account (85), the important relation- 
ship, which IS characteristic for the Newtonian potential 
function 


m M 

dx^ dy^ dz^ 


= A(f> = 0 


(129) 


which is called Lajolace^s Equation 

§ 44 Let us now inquire into the value of A 9 S for a 
reference-point in the interior of the active masses The 

equation (128) is useless for this case, nevertheless 

and also ^ and — have a finite value even in the interior 
of the masses 

For example, if we take the simple case of a homogeneous 
sphere of radius iJ, whose centre is at the origin of co- 
ordinates, then we have for a point x, y, z m its interior, 
by (119) 

= y - z^) (130) 


which IS obtained from the expression for the potential 
U given in (119) if we omit the factor — fm and remember 
that fo represents the distance of the reference-point from 
the centre of the sphere Hence it follows that 

__ h — 

dx^ — ^ 02:2 

and 

A(/>= ^4:7rJc (131) 

which IS independent of the radius of the sphere This last 
equation is called Poisson^ 8 Equation 
We may easily generahze Poisson’s equation for the 
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case of a iion.-h.oniogeneoTis mass of arbitiary shape lor 
this purpose we imagine a very small sphcio described 
about the reference-pomt situated in the interior of the 
mass , we call this very small mass 1 to distinguish it liom 
the remaining mass 2 The potential function (j> of the 
whole mass is then equal to the sum of the potential 
functions due to the mass 1 and those due to the mass 2 

^ -f ^ 2 , and lilrewise A(;i = A()ii + Aci^a 

But by (129) A^a = ^ because the referonce-pomt is an 
external point with respect to the mass 2, and so we arc 
left with A<^ = A^i Since the sphere is very small we 
may regard it without appreciable erioi as being homo- 
geneous and, in fact, as having the density which the 
active mass has exactly at the point wheio the ix'fereiico- 
point happens to be situated This is obtained by 
substitutmg the values x, y, z for y, I, in Hence it 

follows by (131) that 

A<^ = — (1^2) 

Poisson’s equation may he regarded as a geiieiah/,ation 
of Laplace’s equation in that we may imagine the active 
masses to occupy the whole of inJfimto space, without leaving 
gaps, with a density fc, which is paitly zero and partly 
different from zero The reference-pomt is then always 
situated within the masses, and the equation (132) always 
holds At places where there is no actual mass A, (), and 
we get Laplace’s equation m place of Poisson’s equation 
At the same time, we see, if we take this point of view, that 
the abrupt change which the second dilTerential co- 
efficients of (f) experience when the rcferonco-pomt passc's 
through the surface of the masses is due to the suddtMi 
change of the density k in this transition 

§ 45 Erom the mathematical point of view wo sec that 
if the potential function cf> of any spatial distribution of 
masses is given at all points of space, the density k of tlu'so 
masses can be calculated by a simple unambiguous dif- 
ferential operation, whereas the rovcise problem of finding 
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tlie potential function cl> from the density h is one involving 
the integral calculus In other words, the expression (126) 



in which we assume h to be infinitesimal at infinitely distant 
pomts I, 7], ^ IS an integral of the differential equation 
(132), it IS not the general integral but that particular 
integral which is limited by the condition that ^ vanishes 
when the reference-point moves off to infinity 

The general expression of a single-valued continuous 
function (whose first differential coefficient is also con- 
tinuous) which satisfies the differential equation (132) is 

^ = + (133) 

where satisfies the equation == 0 in the whole of 
infinite space may always be regarded as the potential 
function of masses which are entirely at infinity For 
example, the special value 

^0 = const , 

which clearly likewise satisfies the equation A(54o = 0? is 
equal to the potential function of a homogeneous spherical 
layer of infinite radius (Cf § 37 ) 

§ 46 We shall also calculate the potential function for 
the special case where the density of the active masses is 
independent of one of the three co-ordmates, say of I 
This case is realized when the masses are arranged 
cylmdncally parallel to the si-axis in such a way that the 
density is constant in every infimtely thin cylinder 
The potential function will then depend only on x and 
y but not on z, and without loss of generality we may 
therefore assume the reforence-point to lie m the jrj/-plane 
2 : s= 0, so that becomes 

r2 =: ^2 ^ p2 

where we have used the abbreviation 

p^^{x- ^)2 + {y - 7])2 


(134) 
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p IS the distance of the referenoc-point from the straight 
line which passes through the pomt { and is parallel 
to the z-axis If we now substitute for dV its value given 
by (88) and use as an abbreviation for the cross-section of 
an infinitely thin cylmder 

d^di^ = da (13.5) 

we get for the required potential function by (126) 

f [ h,,^a dt. (13(5) 

We first perform the integration with respect to ^ 
Then 

<f>=^[jcda [log il -1- + /)“)]^ 


Here I denotes half the length of an infinitcily thin 
cylinder, which is to be assumed so great that a further 
increase in size no longer has a physical meaning If we 
now consider that for a sufficiently gioat value of I 


we get 


i + Vi.+^. 4i»_ g 


<f> = I hda 2 log — = const — 2 j k log p da 


The numerical value of the constant, although infinitely 
great, has no physical sigmficanoo (§ 36) Wo thoioforo 
write the potential function thus 


<jf> = — 2 J logp da (137) 


and observe that in this expression everything that refers 
to the z-direction has vanished, so that it apj)lies ex- 
clusively to the plane We may therefore also interpret 
^ as the potential function of certain fufiitious masses 
which are distributed over the a;y-plano with a Rurfa.oo- 
density = /c m the surface-element da, at a roforonce- 
pomt situated in the same plane and at a distance from 
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da which IS given by p But the law of force is no longer 
that of Newtonian attraction 

For we have for the force-components, except for a 
factor which is of no importance 


H _ _ 

[kX 

zJ 

da 

dx 

^ P 

p 


dj__ _ 


-y 

da 

dy 

h 

p 



from which w^ see that the attractive force is inversely 
proportional to the distance p 
The logarithmic potential 

(j) ^ ^ logp da, (139) 

IS for the plane what the Newtonian potential is for space 
In particular Poisson’s equation (132) holds for it 


dy^ 


^TTKx y 


(140) 


which becomes for a pomt outside the masses 


. 




= 0 


(141) 


as we may show directly by diffcientiating (138) with 
respect to x and y 

The following theorems also hold for the logarithmic 
potential, they may be derived from the equations (138) 
in precisely the same way as the theorems for the attraction 
of a homogeneous spherical layer according to the Newton- 
ian law may be derived from equations (90) 

The attraction of a ring-shaped surface, bounded by two 
concentric surfaces and with mass distributed uniformly 
over it, at a point outside it is exactly the same as if the 
whole mass were concentrated at the centre of the circle , 
the attraction exerted at a point in the interior of the 
smaller circle, on the other hand, is zero Hence we get 
in exactly the same way as in § 38 the following expression 
for the potential function of this homogeneous circular 
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ring, if and JR^ denote the radii of the inner and outc'i 
boundary and the distance of the icfercnce-point from 
the centre 

For po > J ?2 

<l>= -TTK logpo ( 142) 

F or B^ ^ pq ^ 

^ = Y (B^^ — pq^) — 7t/cJ? 2^ log B^ + mcBy^ log /)(, (142) 

For pq < By 

^ = Y {^ 2 ^ — -Fi®) — ttkB^^ log B^ + TT/ciijL® log By (144) 

It IS easy to show that 4> and its first diilorcmtial cio- 
efficient with respect to p^ are everywhere contiuuoiiH, 
whereas for the equations (140) and (141) liold 
For a complete circle of radius B wo have By 0, 
-Fa = -F and so the potential function for a point at a 
distance po<B from the centre becomes by (142) 

(jS = Y (-F^ — Po^) — '^kB^ log B ( 1 4,*)) 

whereas for an external pomt {pa>B) the potential ftmt tion 
has, by (142), the value 

9t=-pilogj0o (14(i) 

where p, = ttkB^ denotes the total attiacting mass 
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INTEGRATION OE THE EQUATIONS 
OP MOTION 

§ 47 The problem of determining the motion of a 
material force under the action of given forces requires the 
integration of the equations of motion (56) and this again 
can be performed directly only if the force-components are 
given either as constants or as functions of the time t 
Mostly, however, the force-components will depend on the 
position of the point or on its velocity, and then the 
equations of motion require particular treatment if the 
integration is to be performed Some of these methods 
of treatment, which allow the integration to be performed 
in many cases, will now be described 

If we multiply the equations (55) successively by u, w 
and add, we get 

m{v,u + vv + ww)^X^^^+Yf^+Z^^, 
or, by (41), if we multiply by dt 

d (I mq^) = Xdx + Ydy + Zdz . (147) 

The quantity ^ mq^ is called, perhaps a little inappro- 

priately, the “ vis viva ” of the reference-point, whereas 
the differential expression on the right-hand side is called 
the “ work ” A which the force F perforins at the reference- 
point, when it passes from the position x, y, z to the position 
X 4- dx, y + dy, z dz Usin^ the relationships (60) 
and (45) we may also express the work in the form 

A = F ds (cos (X cos A -I- cos (B cos y, 4- cos y cos v) 

— F ds cos (F, dr) (148) 
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That IS, the work is equal to the product of the magnitude of 
the force, the magmtude of the displacement and the cosine 
of the angle between them If the angle is obtuse the work 
IS negative , if the angle is a nght angle the work is zero 
In vector calculus the quantity (148) is called the product 
of the two vectors F and dr 


A = F dr (149) 

and It IS specifically called the “ scalar product ” because 
work belongs to the group of scalar quantities (§ 36) The 
umt of work m the absolute c g s system — ^that is, the 
work performed by a force of 1 dyne in displacing the 
reference-pomt through 1 cm m the direction of the force, 
IS called an erg 

§ 48 The significance of the equation (147) which states 
quite generally that the change in the its viva of the reference- 
point IS equal to the work performed by the active force 
consists m the fact that it enables the integration to be 
performed chrectly in numerous important cases It is 
true that in general integration is not possible , for even 
if the force-components X, Y, Z are known as functions 
of a;, y, z, it is not always possible to find a function of 
yj 2 whose differential is equal to A Eor example, if 


then 


X = y2, Y = x^, Z = 0 


A = yHx -h xHy 

In such a case A is called an “ incomplete differential ” 
and the mtegration must be performed in a way different 
from that used in forming A 

But if the active force is, in particular, a central force 
which IS due to stationary pomt-masses, then by (110) a 
potential U exists and the work becomes 


A = ~dU (150) 

That IS, the work of the force is equal to the decrease m 
U By substituting in (147) and integrating, we then get 

Imq^ - Uq-U 


(151) 
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where and denote the values of q and TJ at the time 
i = 0 Accordmg to this the velocity q depends only on 
the potential TJ Thus if the point passes through a 
definite eqmpotential surface U = const , no matter at 
what pomt, in what direction or at what time, it always 
has a de fini te velocity From (150) we also derive the 
physical meanmg of the potential U It is the work 
which the central force performs as a whole when the 
reference-point moves in any way from a place where the 
potential TJ exists to a place where the potential is zero 
The equation (151) is then called the “ Principle of Vis 
Viva ” 

Actually, we have already applied the principle of vis 
viva on a number of occasions without characterizing it 
as such 

For a heavy point of mass m we have 
Z = 0, 7 = 0, 2 = - mg 
From this we get by (110) 

TJ = + mgz -f const (152) 

and, if z = 0 when t = 0, then by (151) 

= — mgz (152a) 

Jj Ji 

which agrees exactly with (80) 

We further have for the example treated in § 12 

X = — cx, 

from which, by (110) 

TJ = \cx^ + const (153) 

£j 

and, smce x = 0 when i == 0, by (151) 

I — I mu^ ~ ^ 

which agrees exactly with (17) 

When friction comes mto play, as in the case treated 
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in § 15, the principle of vis viva no longer applies, because 
friction IS not a central force and therefore the work done 
by friction does not represent a complete differential 
§ 49 We have seen that the mechanical principle of 
VIS viva IS applicable m only a limited region But as 
soon as we pass beyond the realm of mechanics it can bo 
formulated m a more general way and expresses a law 
which IS valid without exception m the whole field of 
physical and chemical phenomena it is the Law of 
Conservakon of Energy This principle is founded on the 
recogmtion of the circumstance which is derived from 
experimental observations made durmg several centuries, 
that it IS m no way possible to build a perpetual motion 
machme — ^that is, a device by which effects of some kind 
are contmually bemg produced — without certain other 
effects bemg correspondingly used up , or, m other words, 
that m nature there is a certam quantity E which wo may 
regard as a “ capacity ” for producing effects and which 
has the peculiarity that, like the supply of matter that 
occurs in nature, it can present itself in the most varied 
forms and is susceptible to various transformations, but 
its total amount can never be changed, but rather is 
always conserved E = const 
The decisive feature m the formulation of the energy 
principle is the appropriate definition of E, and there have 
been many differences of opimon and controversies about 
this pomt, but not about the validity of the principle itself 
The only way to answer the question correctly is to 
start out m the &st place from particular facts and to seek 
out those among the relationships which form the ex- 
pression of these facts that are capable of being interpreted 
as E = const Hence when we look for such a relationship 

in the realm of the mechanics here being considered we 
must bear m mind above all that although E may contain 
the co-ordinates and the velocity components explicitly 
it must not contam the time t explicitly, because E, being 
the capacity for producing effects {Wirkungsvorrat, stock 
of effects), can depend only on the instantaneous physical 
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state of the point— that is, on its position and on its 
velocity Then there is no longer possibility of doubt 
For the only relationship among those found by us which 
does not contam the time t exphcitly is that expressed by 
the equations (17), (80) and more generally by (151) 
Hence it follows that the equation (151), which expresses 
the principle of vis viva 

^ + U = \ mg’o^ + 27o = const , (15^) 

IS to be regarded as the application of the piinciple of 
conservation of energy to purely mechanical phenomena, 
and that m them the mechanical energy is to be written as 

E = \mt^'U (155) 

Thus the mechanical energy consists of two parts, the 
“ kinetic ” energy K (energy of motion) and the potential 
or the “ potential ” eneigy JJ (energy of position) Their 
sum remams constant in all purely mechamcal processes 
Since by § 48 the principle of vis viva holds only for 
such forces as have a potential the mechanical energy 
remains preserved only for forces of this kmd, which are 
therefore called “ conservative forces ” For non-con- 
servative forces, for example, friction, the mechanical 
energy changes and the universality of the energy principle 
demands that in this case the process is not purely 
mechamcal, hut that it generates a new kind of energy to 
an equivalent amount — ^for example, heat The equation 
(154) then becomes generalized in the following way 

(Z - Ao) + (U - Uo) 4- Tf = 0 (166) 

where W denotes the heat generated in the mterval of 
ti me from 0 to t For example, the equation {19a), when 

multiplied by and then integrated with respect to t 

between the limits 0 and t, gives us the relationship 

{K — ifo) + ” ^o) + dt = 0 (157) 
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The last integral represents the heat generated, W 
Another example of a non-conservative force is given by 
the case where the force is some function of the time t, 
such as when we act on the material point by means of our 
muscles according to some arbitrary rhythmical law 
We can then, of couise, alter the mechanical energy of the 
point according to our wishes, but the energy principle 
then demands that the change in mechanical energy be 
exactly compensated by an equivalent amount of muscular 
energy 

§ 50 Another method of integrating the equations of 
motion (55) may always be applied when the direction 
of the force F, no matter what its magmtude, always 
passes through a fixed centre Then the orbit of the 
reference-point lies in a plane which is defined by the 
centre, the initial position and the initial velocity of the 
reference-point Let us choose this plane as the icjz-plane 
and the centre as the origin of co-ordinates, then 
2 : = 0, == 0 and 

Z Y^x y 


Substituted in (55) this gives 


X 


d?y 


d^x 




d / dy dx\ 

dt \ dt dt ) 


(167a) 


and hence by integration 


dy 


( 158 ) 


This equation admits of a simple interpretation if we 
introduce plane polar co-ordinatcs r and <f> by means of the 
relationships 

x = rcos(^, y^rsm(j> • (159) 

For then 

dx = dr cos — r sin (l>d<f> (160) 

dy = (ir sm ^ + r cos j>d(f> J 
and the equation (158) becomes 


dt-"" 


( 161 ) 
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which, expiessed as an integral, becomes 

I r^dcf) — c't (162) 

Now rHcj) IS, except for smaller quantities of the second 
order, twice the area of the infinitely small triangle AOB 
(Fig 10) which IS formed by the radius vectors OA and OB 
at the times t and t + dt, and the element AB of the orbit 
So, according to equation (162), the area which is enclosed 
by the radius vectors at the times 0 and t and the orbit of 
the reference-point is proportional to the time t , in other 
words, the radius vector sweeps out equal areas in equal 
times Hence equation (161) or (158) is also called the 
Principle of Sectorial Areas ” 

§ 51 Another application of the law of sectorial areas 
occurs when the force F is directed, B 

not through a fixed centre, but through 
a straight line fixed in space For if 
we take this Ime as the 2 :-axis, then 

we have, not z ^ 0 and Z = 0, but 0^- — ^ >x 

X Y — X y, and equations (161) and 
(162) follow from this exactly as in § 50 Hence in 
this case the principle of sectorial areas does not hold for 
the reference-point itself, but it does hold for the motion 
of its projection on the rry-plane — ^that is, lor the motion 
of the point whose co-ordmates are x, y and 0 

§ 52 We shall now apply the theoiems that have been 
derived to a special case which is of particular importance 
in nature, and for this purpose we choose the motion of a 
material point m which is attracted to a fixed centre /x by 
a Newtonian gravitational force, just as a planet is attracted 
by the sun 

We at once see then that the motion occurs in a plane 
and hence requires only two equations to define it To 
obtain these equations we shall use the principle of vis viva 
and the principle of sectorial areas, and we shall take the 
plane of the motion as the xy--plm.e 

Now, by (154), the principle of vis viva gives us, if we 
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substitute the value of the gravitational potential for a 


single centre from (111) and divide by - 


T 


(163) 


The principle of sectorial areas is given by (161) The 
values of the constants c and c' are determined by the 
initial state ^namely, if we denote the values for = 0 by 
adding the suffix 0, we have 

c = go® - Mf (164) 

The constant c' depends, m addition, on the direction of 
the initial velocity We find it more expedient to express 
this direction not by the angle made with the cc-axis, 
because this angle has no physical meaning, but by the 
angle made with the radius vector, namely Vq , this gives 
us the advantage that the choice of the a-axis still 
remams completely open Now m the right-angled 
triangle ABC (Eig 10) . 

AB = ds, AC = rd(j), < B = a. 

Conseq^uently 

rd<l> = ds sin a 

and, divided by dt 

di 

r^==gsinoc 

Hence for the imtial state, by (161) 

c'==»-o2oSmo(o (165) 

§ 53 If i IS ehmmated from the equations of motion 
(161) and (163) we obtain the orbit of the planet It is 
of course advantageous m the present instance to use 
polar co-ordmates 

Then, by (160) 
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(167) 

and by eliminating dt from (161) and (167) 
differential equation of the orbital curve 

we get as the 

rlA - 

f V + 2/jur — c'^ 

(168) 

Integiatmg, we get 


cos-1 +C" 

rV/V + cc'^ 

(168a) 

The integration constant c" is determined by the value 
which <f) assumes when r ^ Since we have not yet 

fixed the direction of the tc-axis, we can without loss of 
generality set c" = 0, which only means that we have 
decided on our choice of a;-axis 

Wo then obtain 

— far 

cos 6 = — r 

. (169) 

If we solve this equation for r and use the abbreviations 

+ 1 
^1 o 

11 

(170) 

C'2 

ft^~ ^ 

we get 

(171) 

P 

1 + € cos c/> 

(172) 


This IS the equation to a conic section (Fig 11) whose 
focus IS at the origin of co-ordmates, whose major axis is 
along the a;-axi8 and whose latus-rectum (ordmate at the 
focus) IS p and the numerical value of the eccentricity is 
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The values of the semi-axos aio given by 


< n M 


« = — ^ „ and h" ~ p<i { • * 

1 — e“ 

All these constants aio obtained fioin th<' conditions bn 
the initial state r^, and «(, aeeoiding to (170) and (171 ) 



if we take into account the valiu's ol ( and (' in (lOl) hihI 
(165) as follows . 


e2 = — l) Rm“ao I eos“(y„, p 

I ffi loliliiffSo. 

“ fo fp’ _ 1 ’ 

U(lo‘ 


i/t 


(17:.) 

(170) 


The conic section is an ellipse, jiarabola or hy[>eibolji 
according as the eecontncity c is snialler tlum, (siuul (i». 
or greater than I, or, by (170), aeeorditig as c is negativi*. 
zero or positive Actually, by (KKJ), \/c diniotes the 
velocity at an infinite distance, which biauniu's iinagiiiary 
for an elliptic oibit For the initial stati' it bdlows from 
this, by (164), that the conditions for ihese threi' kiinls of 
conic section aio, respectively . 




2/)a 

^•o 


(177) 


It 18 noteworthy that the species of tlu' come, hcetion .md 
also the length of the semi-major axis a do not d(*{M*nd on 
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the direction of the initial velocity, but only on the sign 
of the energy constant c 

The elliptic form of the planetary orbits with the sun as 
a focus constitutes the content of the first of the three laws 
found empirically by Kepler, the second law is the state- 
ment of the pimciple of sectorial areas, the third follows 
in the next section 

For the earth’s orbit the eccentricity e is approximately 
equal to the parameter p is approximately equal to 

148 10® kms , the velocity q averages 30 and so the 

" ^ secs 

angular velocity is about 

1 = 2 10-’ (178) 

The condition that the orbit should be circular is 
€ = 0, and so for the initial state according to (175), 
since IS the sum of two squares 

cos an == 0 and Ot? = ^ 

That IS, the velocity must in the first place be perpendicular 
to the radius vector and in the second place must have just 
that value which leads to the relationship (62) which holds 
for uniform circular motion The latter condition becomes 

clear at once if we remember that here the force F = 

§ 54 More complicated relationships hold lor the 
dependence of the co-ordinates r and on the time t, and 
their evaluation in problems of astronomy can be performed 
only by means of expansion in series Assuming that the 
path IS elliptic, we shall now also calculate the time T 
required for one revolution This can be done most 
simply by using equation (162) of the pimciple of sectorial 
areas and performing the integration from if = 0 to ^ = T — 
that IS, from (jt = to </> = left-hand 

side we then get the double area of the ellipse, that is 

2ab7T = c'T 
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If we eliminate c' by means of (171) and b by means of 


(174) we get 


4:7T^a^ 


(179) 


That IS, for a given /x (the sun) the squaie of the time of 
revolution is proportional to the cube of the major axis 
(Kepler’s third law) 

In this way the three Kepler laws which in then ot iginal 
form appeared to be m no way mheiontly ndated |)icsc‘nt 
themselves as deductions from the one Newtonian law of 
gravitation But the significance of Newton’s law docss 
not alone consist in the fact that it allows Kepler’s laws 
to be derived from it It embraces above all the laws 
which govern weight on the earth For we may also 
apply equation (179) to the earth as the centre of attraction 
with its mass jjl by substituting for T, the time of revolution 
of the moon, and for a, the ladius of the moon’s orbit 
But by (103) the value for ffi which then follows is equal to 
B^g where B denotes the radius of the earth and g the 
acceleration due to gravity at the earth’s surface Thus • 


47r^a® 


(180) 


If we substitute m this expression the values 

a = 60 1 B, 

= 637 . 108 ems 
2^ = 1 mouth = 236 10^ secs 


we get g = 981, which agrees sufficiently well with 
measurements on the earth (§ 10) This calculation gav(‘ 
Newton the firm foundation for his theory of general 
gravitation 

But Newton’s law of gravitation does far more than 
combming the earth’s gravitation and Kepler’s laws m a 
smgle expression Bor as was found subseq^uently it also 
gives the perturbations caused by the mutual gravitation 
of the planets as well as a number of other celestial 
phenomena m complete agreement with the results of 
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observation (motions of comets, double stars and so forth) 
It IS not only simpler but also more accurate than Kepler’s 
laws Since the efficiency of such a hypothesis can 
certainly not be ascribed to chance, it seems justifiable 
to conclude that the enunciation of Newton’s law of 
gravitation is not au fond an expedient invention, as some 
physicists maintain, but rathei is to be regarded as an 
epistemological discovery 
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§ 55 In deriving the laws governing the motions of 
planets in the preceding chapter we assumed the sun to 
be at rest This is, however, certainly not true, since the 
sun can move freely and is attracted by every planet 
aceordmg to the law of gravitation To be accurate, then, 
we must also take this motion mto account 

Besides this, however, there is also another circumstance 
to be considered What we observe and measure, and 
therefore what we may alone use m any test of the theory, 
IS not the absolute motion of the sun and the planets at all, 
but rather the motion such as it appears to us inhabitants 
of the earth For we have not a stationary co-ordinate 
system at our disposal, but rather the co-ordmate svstem 
to which we refer the motions of all bodies, including 
celestial bodies , this system moves with the earth around 
the sun and, indeed, turns m various directions during 
the course of the day 

We shah therefore attack the problem at once from the 
widest angle and shall mquire into the laws of motion of 
a material pomt, such as they appear to an observer 
moving in a defimte way 

For this purpose we imagine that besides having the 
stationary co-ordmate system x, y, z which we have 
hitherto used (we may leave the possibility of its realiz- 
ation out of the question altogether), we also have an- 
other rectangular co-ordmate system x', y' , z', which 
moves in a maimer defimtely given, and we suppose that at 
the origm O' of this co-ordmate system we have an 
observer B' rigidly connected with O', say m such a way 
that for him the z'-axis points upwards, the ce'-axis to the 
right and consequently the «/'-axis straight m front of him 

86 
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The question now is What equations of mechanics 
hold for the observer B' instead of the equations (55) or 
( 57) « We obtain the answer to this question by expressing 
the components of the acceleration r on the one hand and 
the components of the force F on the other hand in terms 
of the components of the corresponding quantities r' and 
F' referred to the moving observer, and substituting these 
values m (56) 

§ 56 The problem of expressmg r in terms of r or 
conversely is purely one of kmcmatics Since the motion 
of the accented co-ordinate system is regarded as known, 
the co-ordmates oig, Zq of the origin O' as well as the 
direction-cosines of the three axes x', y' , z' are Imown 
functions of the time t We call them a^, ocg, ^ 2 ’ 

Yi, «.z, Ps. Y 3 > where we allocate the letters a, [3 y to the 
unaccented axes x, y, z and the numbers 1, 2, 3 to the 
accented axes x', y', z' Generalizing the result of (36) we 
then get 

x' = ai(a; — a;,,) -f Pi( 2 / — y^ + yi (2 — Zu) 

y' = cf.^{x — -f PaCy “ Vo) + Yzi^ ~ ^o) ‘ (1^^) 

z' = a 3 (a; — x^ -f ^^{y — y^ -f y3(z — Zq). 

To these three equations there must be added three 

exactly corresponding equations which are obtamed by 
considering that the direetion-cosmes of the three un- 
accented axes X, y, z with respect to the accented axes 
x', y', z' are, successively a^, c/^, Pi, P 2 , Pa ^-nd y^, y^, 
ya hence 

X — Xq = a-xx' -f aa?/' -f ocgz' ) 

y-y<i = Pi*' + M + Ps^^' ■ 

z — Zq = Yx'i' + YiV' I- Yz^' . 

To find the relationships between the velocity-com- 
ponents u', v', w' of a mateiial point, such as they appear 
to the observer B', and the components u, v, w referred 
to the stationary system, wo need only differentiate the 
equations (181) or (182) with respect to the time t, 
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remembering, however, that the direction-cosines m 
general depend on the time t 

A second diflferentiation with respect to the time t gives 
us the relationships between the acceleration-components 
u , v' , w' on the one hand and u, v, w on the other, and this 
completely solves the problem of expressmg the vector 
r' m terms of the vector r 

§ 57 Erom the physical pomt of view it is more difficult 
to define the important force-vectoi F' for the observer 
B' To do this two ways immediately present themselves, 
both of which represent a generalization of equation (66) 
We might think either of setting the force F' generally 
equal to mass times acceleration q, and hence also X. 
equal to mu' , or we might generally put X' equal to ol-^X -h 
PiP + 71-2 These two definitions are mutually con- 
tradictory, smce m general mu' differs from oc^Z + + 

7 j 2 , as IS easily seen if we differentiate the first of the 
equations (181) with respect to t and then compare the 
values (56) 

We can come to a decision as to which of these alter- 
natives IS to be adopted only by revertmg to the funda- 
mental tram of ideas described in § 8 in setting up the 
concept of force, accordmg to which force is to be regarded 
from the very beginnmg not as an acceleration but as the 
objective cause of motion Eor if m general the observer 
B' were to set force equal to mass times acceleration ho 
would be compelled to conclude that if the force F' which 
acts on a material point is equal to zero, the velocity of the 
pomt q' IS constant in magnitude and direction 

Now there is one case where the force is undoubtedly 
zero for every observer — ^namely, the case where the 
matenal pomt is completely isolated and is situated in 
empty space at an infimte distance from all other bodies 
(§ '^) Then there is no cause for motion m the objective 
sense, and hence no force, so that F' is equal to zero 
But m this case the velocity of the pomt for the observer 
will by no means be constant m magnitude and diiection, 
as the simplest experiment shows, but will depend entirely 
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on how the observer moves, whether, for example, he 
rotates Hence q does not in general vanish with F' and 
the definition of F' on which we aie fixing onr attention is 
untenable On the other hand, the reflection just made 
shows that F' always vanishes simultaneously with F 
and this condition leads us to adopt the second of the 
above alternatives for the definition of F\ so that we set 
generally 

= oc-^X -f- 

Y' = a,X + + y,zi • (183) 

Z' = ^;iX + P 3 T 4- y^Zf . 

and conversely 

X = aiX' + a^T' + agZM 
Y = PiZ' + ^^Y' + (33^' I (184) 

^ = yiZ' + y,Y' + y,Z'j 

In principle this solves the problem of relative motion 
Eor if on the one hand we take the components of the 
force F from (184) and on the other hand the components 
of the acceleration q from (182) and substitute these values 
in (55) we get the relationships between F' and q' 

In performing this calculation we shall, however, 
restrict ourselves for the sake of simplicity to a few 
special cases of particular importance 

§ 58 The simplest case is that where the accented 
co-ordinate system is immovably fixed to the unaccented 
co-ordinate system — ^that is, where both Xq, Zq and also 
the nine direction-cosmes are independent of the time t 
If we differentiate (181) and (182) we then get the simple 


relationships 

u' = + piV + yiW, (185) 

u = -f (186) 

' = 4- + yi^, (187) 

u = oLiu' 4- ocgv' 4- 0L^w\ (188) 

from which, in view of (183) and (55), it follows that 

X' == mu' , Y' = mo', Z' = mw' (189) 


/ 
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that IS, the same equations of motion hold for the accented 
system of reference as for the unaccented system, or the 
equations of motion are invariant ” with respect to the 
transformation of co-ordinates that has been effected 
The velocity and the acceleration also retain their value, 
whereas the components alter 

§ 59 Let the origin of co-ordinates O' of the accented 
co-ordmate system move arbitrarily, but let the directions 
of the axes x', y\ z' always remain parallel to the axes 
a:, y, z. 

Then Xq, Zq are dependent on the time, whereas 


^1 = Pi = d, yi = 0 

0^2 = 0, P 2 = 72 = ^ 

^3 = Ps = 73 = 1 . 


(190) 


In this case the equations (181) become 

_ /V* /V* 

iA/ tAy 

%' = u — u^, 

u' — U — Uq, 


(191) 


and the equations (183) become 

X' = X,Y'=Y,Z'=Z (192) 


so that by (55) we get as the resulting equations of motion 
mu' = X' — mu„, (193) 


which differ from the equations (55) for a stationaiy system 
of reference Since the equations of motion can be 
tested experimentally, the observer B' has a means of 
gaimng information about his motion with respect to a 
stationary co-ordinate system by mechanical means He 
can, however, measure only the acceleration components 
■“■oi ^o> ^o> the velocity components Uq, Vq, iv„ 

We see actually that if we assume the accented system 
to be m uniform motion, say so that 

x' = X- Uff, y’ = y - v^t, z' = z - Wot (194) 

where v^, are constant, then the equations (189) 
agam result from (193)— that is, the equations of mechanics 
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are mvanant also with respect to the transformation (194), 
which IS called a “ Galileo transformation ” in honour of 
the discoverer of the law of inertia Thus an observer 
B' who IS moving uniformly can never find out anything 
about the velocity of his motion by mechameal measure- 
ments , nor are we able to specify a pomt m world-space 
about which we can assert that it is absolutely at rest 
Rather, an additive constant which is undefined and 
undefinable remams m every velocity This law is called 
the classical “ Principle of Relativity ” (It must be 
carefully distmgmshed from the modem Prmciple of 
Relativity of Einstein, which correlates from a higher pomt 
of view the invariance, discussed m the precedmg section, 
of the equations of motion with respect to a rotation of 
the co-ordinate system and the invariance with respect 
to a umform translation of the origin of co-ordmates ) 

It IS noteworthy that besides the velocity also the kmetic 
energy of a material pomt may be defined only relatively , 
and, moreover, since the kmetic energy depends quad- 
ratically on the velocity, there is left undetermined m the 
expression for the kmetic energy not only an additive 
constant, but also a linear function of the velocity From 
this we see how necessary it is m all our calculations with 
mechanical quantities to characterize accurately the 
system of reference which is being used As soon as this 
IS done all mdefiniteness, of course, vanishes 

§ 60 We shall make a further application of equations 
(193) to planetary motion by first regarding the sun as 
freely movable, as described m § 65, its co-ordmates being 
Xfl, yo> investigating the motion of the planet with 

respect to an observer B' situated on the sun Let the 
directions of the accented co-ordinate system be parallel 
to those of the unaccented system Although x^, i/q, Zq 
are not given here as functions of the time, yet we can 
easily find these quantities with the help of the equations 
of motion for the sun Eor by the prmciple of action and 
reaction (Newton’s third law) the force of attraction 
exerted by the planet m on the sun p. is equal and opposite 
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to the force X, T, Z which the snn exerts on the planet , 
thus 

Substituted in (193) this gives 


/ "XT'/ I "XT 

Tyiu = X + X — 5 

and by (192) 

mu = X j 

Now by (84) and (191) 


(195) 


where 


X= -/ 


mju. i}?' 
^2 ^ 


7*2 = + y'^ 

Consequently the equations for the relative motion run 

, j. m (a m) x’ /irk£iv 

J -> (196) 


This IS the motion of a material pomt of mass m, which 
IS attracted according to the law of gravitation hy a centre 
which IS at rest at the origm of co-ordmates and which has 
a mass m + /x This theorem refers the laws governing 
the relative motions of planets to those derived m §§ 62 
to 64 for absolute planetary motion The fact that the 
factor fM IS replaced by the greater factor ju, + m, which 
makes the attractive force appear greater than it really is, 
arises from the circumstance, of course, that the planet 
draws somewhat nearer to the sun when the sun is freely 
movable than when it is fixed 

But we may go a step still further There is nothing 
to prevent our following the same argument and making 
the same calculation for the motion of the sun relative to 
an observer situated on the planet For we have in- 
troduced no restrictions about the ratio of the magmtude 
of the quantities fi and m 

We may therefore enunciate the followmg theorem 



V 


RELATIVE MOTION 


93 


for an observer situated on the planet the sun moves in an 
ellipse (the ecliptic), at one focus of which the planet is 
situated, according to the principle of sectorial areas, 
exactly as if the planet were fixed and had the mass 
ja + m This ellipse is of course exactly the same as that 
of the planetary orbit relative to the sun 

§ 61 To approximate more closely to the conditions 
which obtain on the earth — and we aie, after all, dependent 
on them alone — ^wc now investi- 
gate the equations of motion of a y 
material point for a co-ordinate 
system which rotates with a 
constant positive angular velo- 
city o) We first make the 
origin O' of the rotating system 
coincide with the origin 0, and 
the axis of rotation z' coincide 
with the z-a>xm of the stationary system If ^ is then 
the angle which the a;'-axis makes with the a;-axis, then 
we have (Eig 12) 



= cos (j) Pi = sm ^ 

yi = 0 1 

ag = — sin <56 P2 “ ^ 

n = o ( 19 V) 

a3 = 0 P3 = 0 

73 = 1 J 

where we may sot 


<!> ^ ojt 

( 198 ) 

We then obtain from the equations ( 181 ) 

x' = X QOS <l> -h y sm cj) 

1 

y' = — ir sin </> -h y cos cj) 

1 (199) 

z' ^ z 

J 


and by differentiating 

u' = u cos (5& + ^ sin + ojy' 
v' =— sin (/> +^^cos^ — cox' 
w' ^ w 


( 200 ) 
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Similarly 

u' = u cos cf) + V sin ^ + 2a)v' + co^x' 

sm (j) i- V cos (l> — 2a)u' + cjo^y' 

w' = w 


(201) 


If we multiply these equations by m, then if we take 
into account (55) and (183) we obtain the required differ- 
ential equations in which, since only accented quantities 
now occur, we may omit all the accents 

mu = X + 2m(jov + moj^x \ 

mv = F — 2mcou + moy^y I (202) 

mw == Z J 

Thus the laws of mechamcs undergo a change for the 
rotatmg observer , this change may be characterized by 
saying that the '' true ” or objective ” force, whose 
components are X, F, F, and which may be so produced 
by the muscles, say (§ 8), is supplemented by two '' appar- 
ent ’’ or subjective ” forces whose components are 
moy^x, moy^y, 0 and 2moyv, — 2moyu, 0 The first additional 
force, which depends only on the position of the reference- 
point, IS, by § 25, equal in magnitude and exactly opposite 
m direction to the centripetal force which occurs when the 
motion of the reference-point is one of rotation about the 
axis of rotation with the angular velocity oj it is therefore 
called the '' centrifugal force ’’ The second additional 
force which depends only on the velocity of the reference- 
point m the moving system is called the Coriolis force ” , 
it IS perpendicular both to the axis of rotation z and to the 
velocity g, as we see by adding together its components 
when they have been multiplied respectively by u, v, w 
This Coriolis force forms with q and z a right-handed 
system (§ 16), which is m general, of course, not lectangular 
That IS, if the observer, for whom the axis of rotation 2 : is 
directed upwards, looks in the direction g, the Coriolis 
force acts towards his right-hand side The magnitude 
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of this foice IS twice the product of the mass m of the 
reference-point, of the angular velocity co and of that 
component of the velocity q which is perpendicular to 
the axis of rotation 

§ 62 We now displace the origin of the moving system 
fiom the point 0 of the axis of rotation (centre of the 
earth) to a point 0' on a spherical surface (earth’s surface) 
whose radius is J? (earth’s radius), and this spherical 
surface is to rotate together with the system above 
considered Eoi simplicity we assume O' to he in the 
X, 2 ;-plane, the pictuie plane of Eig 13 We take the 
z'-sixis in the direction of the caith’s radius pointing 
outwards, the ^/'-axis parallel to the ?/-axis (downwards in 
the figure) Then the £r'-axis lies in the plane of the 
diagram By transfer mmg to the 
now accented system we then get 
the equations of mechanics for an 
observer B' who is standing on the 
earth’s surface in such a way that 
for him the 2 :'-axis points upwards, 
thej/'-axis eastwards and the ic'-axis 
southwards 

Since the new system is rigidly 
connected with the former system, 
the simple relationships (185)-“(188) hold for this trans- 
formation Now if Po denotes the angle which the earth’s 
radius 00' makes with the cr-axis (the equator), positive for 
the northern hemisphere and negative for the southern, 
then the co-ordinates of 0' in the former system are 

iTo = J? cos (3o, Vo = 0, sin % (203) 

Further, the direction-cosincs of the accented axes with 
respect to the unaccented axes are 

ai = sin po, Pi = 0, yi = - cos % ' 

OCg = 0, p2 = 1? 72 = ^ 

a3-cospo, P3 = 0, y3-sinpo 



( 204 ) 
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Consequently, by (187) 

u' sin % — w cos Po, 
v' = -y, 

w' ^ u cos Po + ^ sin po 

We multiply these equations by m and substitute for 
u, V, w their values from the equations of motion (202) 
Finally we express all unaccented quantities in terms of 
accented quantities, namely by (182) 

x = E cos Po + x' sin po + z' cos Pq, 
and by (186) 

u sin Po + w' cos Po, 

V = ^ 7 ', 

and by (184) 

X =: X' sin Po + Z' cos Po, 

F== F', 

Z = ^ X' cos Po + Z' sin Po 

If we now omit all the accents simultaneously we obtain 
the equations of motion for an observer standing on the 
earth’s surface in the direction of the earth’s radius in the 
following form, no terms being neglected 

Southwards mu = 

X -f 2ma}V sin Po 4- mo)^ sm Po(i2 cos Po + ir sin po H- cos po) 
Eastwards mv = 

F — 2ma) (t^sinpo -h ^cos Po) + ma)^y 
Upwards mco = 

Z+2 mo}V cos Po 4- mcx}^ cos Po(i2 cos Po -h sm Po 4- 2 ; cos Pq) 

If the distance of the reference-point from the location 
of the observer is small compared with the earth’s radius, 
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we may neglect the terms in r, y, z as being much smaller 
than those m R and we get the simpler equations 
Southwards 

mi6 = X + 2m(ji)V sin po + sin po cos Po 
Eastwards ^ 

mv = y — 2mco [u sin po + cos po) ^ ^ ^ 

Upwards 

mo) = + 2m(jov cos Po + moj^R cos^ Po 

§ 63 Let us next consider the case where the reference- 
point IS subject only to its own weight Then the force 
acting on It IS, X = 0, 7 = 0, Z = - mg^, where the 
acceleration due to gravity for an observer who does not 

move with the earth, has the value by (103) Hence 

if we allow the point to fall with the (relative) initial 
velocity zero— that is, from rest,” then, so long as the 
velocity u, v, w is still very small, the following relationships 
hold 

tt = co^R sin Po cos Po 'j 
^ == 0 i (207) 

w = — gQ+ oj^R cos^ Po J 

Thus the acceleration is constant, but its value and 
direction differ from those of g^ The square of the 
acceleration is 

^2 = .^2 + ^2 ^ _ 2gQO)^R cos2 Po + W^R^ cos^ Po 

Here the third term plays no appreciable part, since 

the ratio for 
Sfo 

““H-lreo-”” 

R = 637 10® cm , 

^ 0 =^ OSS^^gl^acceleration measured at the pole, for Po = 

has the value 0 00343 Hence the acceleration itself 
comes out very nearly as 

9 ojm cos2 Po = 983 - 3 37 cos^ po (208) 

H 
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'^Lorcas we get from the most accmate measuiements 
with a pendulum 

Sr = 983 -.5 2cos2(3o (209) 

I ho fact that the decrease of the acceleiation duo to 
gi*avity IS considerably greater when we approach the 
equator than according to the theory here developed is 
duo to the circumstance that the earth is not exactly 
Hphcrical m shape, but is flattened 

I ho direction of the acceleration due to gravity — ^that is, 
the direction of the plumb-line or of the vertical, by means 
of which the zenith-point of the observer is determined — 
does not, by (207), coincide with the 2 :-axis on the earth’s 
radms, but rather has a component which is perpendicular 
to it* The angle 8 made with the earth’s radius, since 
it IS very small, amounts to 

^ __ sin Po cos % co^B sin 2Po (9, 1 0) 

'"go ~ Wo 

For the pole and the equator S = 0 On the northern 
hornisphore S is positive, on the southern it is negative — 
that IB, on the former the plumb-line is deflected south- 
wards from the direction pointing to the earth’s centre, on 
the latter it is deflected towards the north The maximum 

value attained by 8 is for po = namely 

2 7? 

Smax = w — == ^ 00171 = 5 9 minutes (211) 
^go 

The vertical also determmes the geographical latitude 
fd of the observer , it is the angle between the vortical and 
the equator 

Hence the following relationshi]^ holds for this angle 

( 212 ) 

§ 64 The equations of motion of a heavy point-mass 
bcHKime a little simpler if we choose as the 2 :-axis, not the 
cuirth’s radius, but the vertical — ^that is, if in the table (204) 
giving the direction -cosines we replace the angle by 
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the geographical latitude [3 For m that case the south- 
ward component of the acceleration in eijuations (207) 
drops out, and the equations (206) give m this case 


Southwards u = 2mv sin p 

Eastwards v = — 2<o{u sin ^ + w cos p) 

Upwards towards the zenith w=-g+ 2oiV cos [3 


(213) 


Let us now also follow the motion of the point-mass for 
greater velocities by letting it drop with an mitial velocity 
zero from a high tower of height h In this case, too, we 
may simplify the discussion considerably by taking 
advantage of the peculiarities here involved 
Of the three acceleration components tc is of a higher 
order of magnitude than u and v , hence we mav also 
neglect u and v in comparison with w, and we get,' more 
simply 

u = 0 , 


V = 


2(i}W cos (3 = — 2ai cos j3 


dz 

di’ 


w= -g 


With the initial conditions (t = 0) 

X = 0, y = 0, z = h, 

u = 0, V = 0, w = 0, 

the first and the third equations give on being mtegrated 
M = 0, X = 0, 

w= -gt,z= - Igiz 
but the second gives 

= — 2aj cos p {z — h) = cog cos ^ P, 

y = ^ Mg' cos (3 1? 


Hence by eliminating t we get as the path of the freely 
falling point 

2 / = ^ cos p 


(214) 
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whicli IS called a Neil parabola (Fig 14) , it lies in the 
vertical plane which points eastward 
y The deviation from the vertical which 

A passes through the apex of the tower 

I {z h) amounts at its foot {z = 0) to 



Fig 14 


a> 

2/0 = T 


p V 


g 


point-mass, 
generalized to 


Thus for P = j h = 10^ cms it is 
^0=15 cms , 

which agrees with the results of numerous 
measurements 

If besides gravity another force, whose 
components are X, F, Z, acts on the 
the equations of motion (213) become 


Southwards mu = X + 2mcovsmi^ 

Eastwards mv = Y — 2mco{u sin [i + ^(;cos (3) 

Upwards towards the zenith 

mw — Z — mg + 2m(jt}V cos^ 


(215) 



CHAPTER VI 
CONSTRAINTS 

§ 65 Hithebto we have assumed that the material 
reference-point that has been under consideration was sub- 
ject to no influences other than certain forces each of which 
tended to set it into motion according to a definite law which 
was assumed known There are cases, however, where the 
motion of the point is influenced by causes other than the 
forces given at the beginning, as, for example, when the 
point IS compelled to remain on a fixed surface or on a 
fixed curve, or, more generally, when the motion of the 
point IS subject to certain conditions prescribed from the 
outset The question is according to what rules are 
these cases to be treated ^ 

To solve this problem we again revert to our original 
derivation of the force-concept If we maintain the view 
that every causal influence that affects the motion of the 
point always makes itself felt through a certain force, we 
must conclude that even a prescribed condition can be- 
come physically effective only if it can be realized through 
a certain force If we add this force to the other given 
forces the point moves exactly like the so-called free ’’ 
point that we have hitherto been considering It is 
true that the forces of this new kind have properties 
essentially different from those so far treated, as may 
easily be recognized by the fact that their magnitude is 
not directly given, but depends on the remaining forces 
Hence we shall in future call a force of this kind a 
constraining force,” X {Zwangskraft) , to distinguish it 
clearly from the '' driving or propelling forces,” F 
(tre%bende Krafte), which have so far been alone considered 
and which we shall still continue to regard as being given 

101 
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After what has been said, the equations of motion (57) 
then become generalized to 

mq-^F + Z (216) 

where F denotes the resultant of all the driving forces and 
Z the resultant of all the constraining forces The total 
resultant F + Z also called the moving force ” or, 
more commonly, the '' effective force ” 

It is clear that the equations (216) are not sufficient to 
determme the motion, for there are now three new 
unlmowns in it, namely the components of Z Hence wo 
require three further equations and must therefore look 
round for further conditions In the first place we find 
the prescribed conditions themselves, of which we shall 
assume that they may be represented by one or more 
equations between the co-ordinates x, y, z of the reference - 
point A single equation, alone, means that the point is 
constrained to remain on a given surface , two equations 
denote that the point can move only on a given curve 
This exhausts all the possibilities that come into question , 
for when there are three equations the point is fixed and 
hence its position is given for all time 

But the prescribed conditions are not yet sufficient in 
themselves , rather, we require still other properties of 
the constraimng forces Z These can be found only if we 
consider the prescribed conditions to be realized materially 
in some way For example, if the leference-point is con- 
strained to remain on a fixed curve, we imagine it to be 
movable in a very narrow fixed tube or, say, to be punctured 
to allow a suitably bent but very strong wire to pass 
through it, so that the point can move along the wire 
in each case the motion must of course occur without 
friction, because the constraining force only prevents the 
pomt from leaving the curve, whereas it is of no significance 
for the motion along the curve It follows immediately 
from these considerations that the constraining force can 
have no component in the direction of the tangent to the 
curve, neither an accelerating nor a retarding component — 
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in other words, the constraining force must be in a direction 
normal to the curve In the same way, we must conclude 
that the constraining force due to a fixed suiface must 
always act normally to the curve 

It IS easy to see that this law which governs the direction 
of the constraining force, when taken m conjunction with 
the prescribed conditions, completes the three equations 
which we found to bo necessary above for supplementing 
the general equations of motion (216) if we axe to be able 
to find the motion of the reference-point as well as the 
magnitude and dnection of the constraining foice For 
in the case of a fixed cuive we have two pi escribed con- 
ditions and we have as our third equation that which 
asserts that the constiaimng force acts in a direction 
normal to the curve In the case of a fixed surface, we 
have only one prescribed condition, but in addition we have 
the two equations which express that the constraining 
force comcides with the normal to the surface — ^that is, 
that it lies m a perfectly definite dnection For the sake 
of completeness wo may add the two extreme cases of 
the completely free and the completely fixed point In 
the former the three supplementary equations are the 
equations Z ==■ 0 , in the latter the equations q = 0 
From (216) we then get m the first case the motion of the 
point, in the second case the magnitude and direction of 
the constraining force Z which keeps it fixed 

The greater the number of prescribed conditions, the less 
18 the number of independent vatiablcs, the so-called free 
co-ordinates Hence wo find it appropriate to speak of a 
greater or lesser freedom of motion of the point and we set 
the number of free co-ordinates equal to the number of 
degrees of its freedom of motion A point has 3, 2, 1, 0 
degrees of freedom of motion according as it is free, or is 
movable on a surface or a curve, oi is fixed 
The above discussion completes the essential features of 
the theory of motion of a point which is not free We 
have now only to consider the most important applica- 
tions 
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§ 66 The general equations of motion (216) arc often 
written in the more symmetrical form 


JP + Z — mq = 0 (217) 

which IS enunciated as the theorem if we imagine that 
besides the propelling foice F and the constraining force Z 
there is a third force — mq, which also acts on the reference- 
point, then these three forces maintain equilibrium among 
themselves However slight this change of expression 
may seem it is nevertheless very important in applications 
owmg to its convenience and vividness , it has therefore 
received a special name as the Principle of d’Alembert ” * 
It refers the laws of motion quite generally to the laws of 
equilibrium, but of course it adds nothing substantially 
to the Newtonian equations The fictitious force — mq 
IS usually called the “ inertial resistance ” 

Instead of resolving the forces along the fixed co-ordm- 
ate-directions x, y, z, we may also resolve them, as in § 25, 
along the directions of the tangent r, the pimcipal normal 
V and the binormal p of the orbital curve of the reference- 
pomt, and so obtain the following expression for d’Alem- 
bert’s Principle, if we take mto account (74a) and (75) as 
well as the fact that the constraining force has no com- 
ponent in the direction of the tangent 

(218) 


F,+Z,-'^ = 0 (219) 

F^+Zp=(i ( 220 ) 


Here t must be taken m the direction of the velocity, 
V in the direction pointmg towards the centre of curvature 
A question which has often been raised and discussed 
vigorously is whether the inertial resistance or its com- 
ponent, the centrifugal force, is a “ real ” force It is easy 


Principle is often also given to the 
equ^ion (383) which results from the combination of (217) with 
the Principle of Virtual Work (321) ^ ’ 
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to answer this question as soon as we have come to a 
decision about the definition of force, which is arbitrary 
from the very beginning If, as in § 9, we set the force m 
the same direction as and proportional to the acceleration, 
then the inertial resistance is not a real force for the 
inertial resistance is not in the same direction as and pro- 
portional to the acceleration But if we modify the 
definition of force (and no objection can be raised against 
this) m such a way that all the forces are always in equili- 
brium, then the inertial resistance must also be reckoned 
as a force The essential feature is not the names but the 
equations (217) and they certainly do not contain the 
slightest indefiniteness 

§ 67 We shall call attention at once here to an important 
property of a constraining force Since the component 
of the constraining force is zero in the direction of the 
velocity so also the wotL performed by the constraining force 
(§ 47) IS equal to zero, and, clearly, this theorem also holds 
for the two exticme cases of the free and the fixed point, 
because in the first case Z — 0 and in the second case 
g = 0 

A number of important consequences follow from this 
Let us first imagine the reference-point to be at rest, 
situated on a fixed surface or curve and acted upon by a 
given propelling foice F 

In general it will begin to move — ^namely, in the direction 
of the resultant F -f- Z Hence the work performed by 
the total force in the initial displacement, whose amount 
IS dr, IS pobitive 

{F + Z) dr >0 

But since Z dr ■= 0 , it follows that 

F dr^O (221) 

That IS, if a free or a constrained reference-point at rest is 
set into motion by a propelling force, the work of the 
propelling force is positive, or the initial displacement 
forms an acute angle with the propelling force 
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If the propelling force has a potential U, then, in view of 
(150), we have 

dU <0 (222) 

that IS, the potential decreases when the motion begins 
From this a sufficient condition for equilibrium immediately 
follows For if among all the directions of displacement 
of which the movable reference point is susceptible m 
consequence of the prescribed conditions there is not one 
for which the potential decreases, no motion can occur and 
the reference-point must remain at rest 

This is realized when, for example, the reference-point 
IS situated at a point on its surface or curve where the 
potential is a maximum or a minimum For in that 
case W = 0 for every displacement, and so the inequality 
(222) cannot be satisfied Hence the leference-pomt is 
then m equilibrium But we also see further that if !7 is a 
maximum the equilibrium is unstable Forif thereference- 
pomfc IS displaced slightly from its position of equilibrium 
and IS then again released, it will, of course, begin to move 
But since accordmg to (222) the motion take§ place in 
the sense of decreasing potential, it is impossible for the 
reference-point to return to its position of equilibrium, 
which corresponds to the maximum Conversely, the 
equilibrium is stable at a position corresponding to a 
maximum of the potential But if the potential remains 
constant over a finite range of displacements, the equili- 
brium is neutral eni) For then the reference- 

point IS m equilibrium ^t every point because there is no 
possibility by which it may be enabled to fulfil the con- 
dition (222) which IS necessary if mbtion is to occur 
A vivid example of these theorems is given by a heavy 
pomt on a fixed surface or curve Here V is given by 
(152), and the condition (222) becomes 

dz<() (223) 

Hence the motion always starts m the downward 
direction If the height of the surface or the curve has a 
maximum or a minimum anywhere, the reference-point is 
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in stable or unstable equilibnum at those points , if the 
surface or curve runs horizontally for some distance, the 
reference-point is in neutral cqmhbnum along that 
distance 

If we now consider, instead of a reference-point which 
was origmally at rest, one which is moving with arbitrary 
velocity, the theorem that the work of the constraimng 
force vamshes also holds in this case, and hence of the 
work of the whole force only that of the propellmg force 
remams 

Hence the equation (147) of vis viva holds equally well for it, 
exactly as if the constraining force and the prescribed 
conditions were not present at all , and if the propelling force 
has a potential the integral principle (151) of vis viva also 
holds 

A heavy point-mass which can move on a fixed surface 
or curve thus always has a definite velocity at a definite 
height, no matter when, where and by which route it 
has arrived at this height The greater the height the 
smaller the velocity 

All the theorems developed in this section are capable of 
bemg considerably generalized , these generalizations will 
be discussed m the second chapter of the second part of 
the present volume, and serve as a good basis for under- 
standing those extensions 

We proceed to discuss special cases, beginning with the 
simplest a single straight line as the only degree of 
freedom 

§ 68 Fixed Curve In addition to the equations of 
motion (217) wo have also the two equations to the curve 
and the condition that the constrainmg force is per- 
pendicular to the curve 


dy dz 


(224) 


where the direction-oosmcB of the curvo-olemont ds are to 
be regarded as given 

Lot us next inquire into the condition that the reference- 
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point be in equilibrium under the influence of a given 
propelling force F Tben the acceleration is zeio and by 
elimmatmg Z from (217) and (224) we get as the condition 
for equihbiium . 





= 0 


(225) 


Thus the propelling force need not vanish, as m the case 
of a free point, but it is sufficient if it acts at right angles to 
the curve 

We next inquire into the motion of the lefcience-point 
in the case where the driving force is equal to zero Then 
7 it follows from (218) that 



q = const , 

that IS, the velocity is constant 
Trom (219) and (220) 


Zb Z^ = 


m.q^ 


Fig 15 


that IS, the constraining force 
coincides with the centripetal force 
For a fixed straight line the constraining force is equal 
to zero 


§ 69 We now consider the motion of a heavy point 
along a fixed vertical circular arc — ^that is, a circular 
pendulum This is realized most simply by a rigid 
weightless rod, which can rotate about a fixed point in 
a vertical plane and which carries the point-mass at its 
free end 

As usual, we take the vertical as the 2 :-axis, the piano 
of the circle as the x^-plane, and the origin of co-ordmates 
0 at the lowest point of the circle, whose radius, the length 
of the pendulum, we assume to be I (Fig 15) 

Then the equations to the circle are 


y = 0 and 
^ = 2lz 


( 226 ) 
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Since the leforence-point has only one independent 
co-ordinate, it is sufhcient loi calculating the velocity to 
integrate the equations of motion once We find it 
convement, by § 67, to use the prmciple of vis viva (152a) 

f -F 2gz = (227) 

where q^ denotes the velocity for z = 0 

Smee there is a definite velocity q corresponding to 
every height h, the motion is periodic But its character 
IS quite different according to whether the velocity q^ 
with which the reference-point leaves its stable position 
of equilibrium is sufficient to bring it into the unstable 
state of equilibrium, z = 21, or not In the former case 
the oscillations of the pendulum are all m the same sense , 
m the latter case the pendulum comes to rest at a height 
z<2Z and the oscillations occur alternately to and fro 
The limitmg case, however, is that where the mitial 
velocity ^0 just suffices to reach the greatest height z = 21 
with the velocity q = 0, and so, by (227) 


11 

(228) 

In that case the reference-point remains 
uppermost position But if 

at rest m the 

?0 < 

(229) 

then the pendulum comes to rest for 


z = |(<20 

(230) 


and then reverses 

The constraining force Z m this motion is represented 
by the pull inwards or the pressure outwards, which the 
rod exerts on the reference-point A, being positive when 
it acts towards the centre of curvature C — ^that is, inwards 
Actually, in (220), the direction p, the binormal coincides 
with y, and since Fy = 0, Zy also vanishes, and the whole 
constraimng force Z acts in the direction of the radius. 
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Since, further, 

of the weight in 
(219) that 


p == ?and — mg —j—, the component 
the direction towards G, it follows from 





+ mg 


I — z 


A positive value for may also he realized by taking 
an mextensible thread mstead of the rigid rod But if 
Zv comes out negative, a thread no longer suffices to 
maintain the condition for rigidity, and we are then 
compelled to take the incompressible rod The last 
equation shows that for z<l — ^that is, in the lower half of 
the circle — Z^, is always positive In this case, therefore, 
a thread or string is sufficient under all circumstances 
In general, we obtain by eliminating q from (227) 

Z,= j{qo^ + g (231) 

As z increases decreases 

Let us take again the limiting case (228) considered 
above, in which the reference-point ]ust reaches its highest 
pomt Then 

^ {51 - 3z) (232) 


that IS, the constrammg force remains positive up to the 
SI 

height ^ ^ that the pull becomes a pressure, and 

if the reference-point attains the height 21 with the velocity 
zero, the pressure has become equal to — mgr, corresponding 
to the weight of the point, which is now at rest 
For very great values of the initial velocity Jq 
by (231), that Z^ always remains positive, hence a thread 
IS then sufficient to swing the pendulum around, as in the 
case of a slmg The smallest permissible value of qQ 
for this IS obtained from the condition that Z^ has its 
lowest value, zero, at the highest pomt, z = 21 • 

= 5Zgr 


. (233) 
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which IS of course a little greater than the limit, ino; value 
(228) 

But a thread will suffice instead of the rod even for the 
vibratory motion provided the initial velocity is 
sufidciently small — ^namely, when is smaller than that 
mitial velocity for which Z., is zero in the highest position 
(230) By (231) this limiting value is 

= 2Zgr (234) 

Hence it is only when q^^ lies between the limits (233) 
and (234) that a rod is necessary to keep the reference- 
point m a circular orbit In other cases an inextensible 
thread is sufiBcient 

§ 70 Let us next inquire into the relationship between 
space and time For this purpose a second integration is 
necessary, for which we find it expedient to introduce the 
angle of displacement ^ (Fig 15) by means of the 
equations 

, , d<t) I — z 

2 = i - j~ = cos (f> (235) 



where we have set f = 0 for ^ = 0 
This elliptic mtegral reduces to an elementary function 
only for the limiting case (228), m which the imtial velocity 
ffo IS just sufficient to brmg the pendulum into the unstable 
position of equilibrium {<f> = tt) The time which passes 
until then comes out from (236) as havmg an infimte 
logarithmic value , this arises from the circumstance that 
the velocity finally becomes vamshmgly small 

We now further investigate the more important case 
of oscillations to and fro (vibrations)— that is, we assume 
the inequality (229) to be fulfilled By (230) the pen- 
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dulum then comes to rest for the angle of displacement 
when by (230) and (235) 


sin^ ^ = 


Ug 


(f>^ IS the amplijtTide of the vibration 
in place of irt (236) we get 


(237) 

If we introduce 


t = 



(238) 


Since (j) increases and decreases periodically as the 
time increases, the square root is to be taken alternatively 
positive and negative From now onwards we restrict 
our attention to the first upward swing of the pendulum — 
that IS, the first quarter of the first vibration Then the 
square root is positive, and likewise ^ 

To bring the integral mto its normal form we introduce 
instead of (f> the integration variable 9 by means of the 
relationship 

sin I = /c sin 9 (239) 

where we use the abbreviation 

sm ^ = /c (240) 

We then get from (238) 

t - Jl r (241) 

^9 JoVl-K^sin^9 

The reciprocal of the square root may be expanded as a 
series which converges the more rapidly the smaller the 
amplitude , the integration may then be performed term 
by term If we stop the series at the term containing k^, 
the approximate value 

follows 
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The fitst quartei -vibration ends when ^ and con- 
sequently when 6 has become equal to ^ Hence if T 
denotes the time of a whole vibration we have 

and by (240), since the sine may be replaced by its arc as 
a first approximation, we have 

For mfimtoly small amplitudes the time of vibration is 
completely independent of the amplitude , but even for 
amplitudes of only a few degrees the term in is very 
small 

If we wish to restrict oui selves from the very beginning 
to infinitesimal amplitudes, it is better, m deriving the laws 
of vibration, to stait duectly from the equation (218), 
which for its application to the present case luns, by (235) 

g Bin + I = 0 (244) 

If we replace sin <^4 by ^ here we have precisely the 
differential equation (15), and we may take over directly 
the results theic obtained 

The laws which we have found for the infinitely small 
vibrations of the circular pendulum may easily be general- 
ized to apply to the vibrations of a heavy point along any 
arbitrary curve that lies in a vertical plane about its 
position of stable equilibrium For since m these vi- 
brations the reference-point moves to only an infinitesimal 
extent from its position of equilibrium, only the infinitely 
adjacent points of the curve come into question in the 
process, and hence the laws for the circular pendulum 
apply here too, except that, in place of the circular radius 
I, we now take the ladius of curvature of the curve at its 
lowest point In the case of finite vibrations, however, 
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the further course of the curve has an mfiucnce If the 
radius of curvature I is constant throughout, then hy (243) 
the time of vibration increases as the amplitude increases 
But if the curvature of the curve mcreases with the height 
—that IS, if the curve ascends more rapidly than the circle 
of curvature at its lowest pomt, the time of vibration 
becomes less than in the case of the circle, and by choosing 
the curvature appropriately we may also succeed in makmg 
the time of vibration mdependent of the amplitude even 
for finite vibrations (This curve, called the “ tauto- 
chrone, is the ordmary cycloid which is produced by 

rollmg a circle of radius | on a straight Ime , any pomt 

on the circle then traces out a cycloid ) 

§ 71 Fixed Surface For a point-mass which is con- 
strained to remain on a given fixed surface we have, by 
§ 65, besides the equation of motion (217) also the equation 
to the surface 

/(»> y,z) = 0 (245) 


and secondly, the condition that the constraining force 
acts perpendicularly to the surface, that is, in the direction 
of its normal 


Zx Zy 


dx dy dz 


(246) 


From these equations all the laws of the motion, and 
also the magnitude and direction of the constraining force, 
may be derived imiquely 

Let us first agam inquire into the condition that the 
reference-point be m eqmhbrium under the mfluence of a 
given drivmg force Then the acceleration is zero, and 
by ehmmatmg x from (217) and (246) we get as our 
condition of eqmhbrium 


- 1 1 1 

This represents two equations, whereas for the oquili- 



VI 


CONSTRAINTS 


115 


brmm of a point on a fixed emve only the single equation 
of condition (225) must bo fulfilled 

If we add that in the extreme case of a free point the 
three equations JP = 0 and that in the opposite extreme 
case of a fixed point no condition at all is necessary for 
equilibrium, then it is clear that in each of all the cases 
quoted the number of equations of condition for equili- 
brium agrees exactly with the number of degrees of free- 
dom of the point (§ 65) — a theorem which will be con- 
siderably generalized later 

For the motion of a point on a fixed surface in the case 
where the driving force 0, we get from (218) 

^ = 0, const (248) 

and from (219) and (220) 

= ^ (249) 

P 

exactly as m the case of motion under no forces {hraftefrei) 
on a fixed curve There is an essential difference, how- 
ever, in that here neither the radius of curvature p nor the 
orbital curve is at all known from the outset, but that it 
must first be found For the initial state gives us only 
the position and the tangent to the orbit the further 
course of the curve on the surface /= 0 is to be specially 
calculated 

For this purpose we have the equations (246), which, in 
view of the fact that the constraining force is the only 
force which is acting here, give, by (68) and (248) 

fy, ^250^ 

ds^ ds^ ds^ dx dy dz 

that IS, the principal normal at any point of the orbital 
curve coincides with the normal to the surface at this 
point This IS a particular property of the orbital curve, 
which does not belong to every curve drawn on the surface 
For example, on a spherical surface the principal normal 
of any arbitrary circular section is the radius of this circle, 
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whereas the surface normal is the ladiiis of the sphere 
A curve with the distinguishing property (250) is called a 
'' geodetic line ’’ of the surface, the name anses from a 
further important property of these curves which is to be 
derived later (§ 111) Hence according to what has been 
said, the geodetic lines arc the great ciicles, for the plane 
they are the straight Imes , for the normal to the plane is 
the direction perpendicular to the plane, wheieas for oveiy 
plane curve which is not a straight line, the principal 
normal lies in the plane Hence a point-mass which is 
not subject to a driving force moves on a fixed suiface 
along a geodetic line with constant velocity Tho orbit 
IS determmed by the initial state , foi there is only one 
geodetic line on the surface which passes through a definite 
point and has a definite tangent This is seen most clearly 
if we reflect that the first element of the curve and the 
known normal to the surface at the end-point of the 
element determine the piano of cuivature of the curve, 
and the pomt of intersection of this piano with the 
surface determines the second element of the cuivc, and 
so forth, successively 

So a point-mass under no forces moves on a sphere m the 
great circle and on a plane in that straight lino which m 
determmed by the direction of the initial velocity The 
magmtude of the force of constraint is in each case given 
by (249) 

§ 72 We next consider the motion of a heavy point on 
a fixed spherical surface — ^that is, a spherical pendulum. 
This IS realized most simply by a rigid weightless rod which 
can be turned about a fixed pomt m all directions and which 
carries the point-mass at its free end By (246) the 
direction of the constraining force comcidc^B with the radius 
of the sphere If it acts in the direction of the centre of 
the sphere, the rigid rod may be replaced by an inextensible 
thread 

In the followmg remarks we icstrict ourselves to de- 
termimng only the motion of the pendulum* Lot us 
again take the origin at the lowest point of the sphere and 
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the 2 :-axis vertically upwards , then the equation to the 
sphere of radius I is 

+ {I- zy = P (251) 

In addition we have, by § 67 and (152a) the equation of 
VIS viva 

+ 2gz = c (252) 

Besides these we here also need a second integral of the 
equations of motion, for this we may by § 51 use the 

principle of sectorial areas in its extended form For 

the total force acting on the reference-point — ^that is, the 
resultant of the weight and the force of constraint — does 
not, indeed, go through a fixed centre, but through a fixed 
straight line — ^namely, through the vertical at the centre 
of the sphere Hence the equation (161) holds for the 
projection of the refeience -point on the a:y-plane 


"0 

II 

(253) 

where 

X = T cos (f>, y r sin (f> 

(254) 

To determine the orbit we introduce everywhere instead 
of the rectilinear co-ordmates x, y, z the cylindrical co- 
ordinates f, <!>, z Then (251) becomes 

r2 + = 2lz 

(255) 

and (252), in view of (166), becomes 



(256) 

Further, if we eliminate dt by means of 
and rdr by means of (255), and use the 
equation derived from (255) 

(253), and 
differential 


rdr = (Z — z)dz (257) 


we get the f ollowmg relation between and z 

I d dz 

{21 -- z) ,z V(c — 2gz) {21 z) 2 ; — c'^ 


(258) 
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^ “f integral Since by 

(- 0 . ) (f> always changes in the same sense as t, we may 
without essential loss of generality, assume ^ to be always 
increasing and hence assume c' and likewise c as positive 
On the other hand, z will alternately decrease and increase, 
and the square root m (258) will have to be taken positive 
or negative correspondingly The vanishing of the root 
gives the highest and the lowest positions of the pendulum 
The equation for tins is cubic m 2 and so has three roots 
but It is easy to show that one root is greater than 2Zand 
hence is of no significance physically For the expression 

under the root changes sign if z is made to increase from 
2t to 00 

Of course, z is periodic with respect to <j> But the 
orbital curve is closed only if a whole multiple of the 
period of <f> is equal to a whole multiple of 2 ' 7 r— that is, if 
the ratio of this period to tt is rational 

If the maximum and the minimum of z comcide or if 
the two roots of the cubic equation that conic into question 
aie equal then the pendulum remains constantly at the 
same height z and executes horizontal circular vibrations , 

in that case r and are also constant We obtain these 

values by differentiatmg the expression under the root in 
(258) with respect to z and setting the icsult equal to zero 


(c - 2gz){l -z) - g{2lz - z^) = 0 
or, by (262) and (255) • 

-z) -gr^= 0 (259) 

This equation can be satisfied for any arbitrary value of 
z between 0 and J— that is, on the lower half of the sphere 
I he corresponding value of r is obtamed from (255), and 
then g and the angular velocity from (259) 


-'^ = 2= / 9 
dt r yi-z 


(260) 


For z — I the angular velocity becomes mfimte , for 
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infinitely small values of z it assumes a definite finite value 
— ^namely, precisely that which corresponds to the period 
of vibration (243) of a circular pendulum of infinitesimal 
amplitude 

The constiammg force — that is, the tension of the 
pendulum thread — is, by § 66, m equilibrium with the 

contritugal force and the gravitational force mg 

The resultant of the last two forces passes through the 
centre of the sphere, since their quotient, by (259), is equal 

to the tangent of the angle of displacement ^ (Fig 1 6) 

i — Z 

The magnitude of the tension is 

For 25 = 0, it becomes equal to mg, for 
z ^ lit becomes infinite, as is evident 
§ 73 If we now consider infinitesimal 
vibrations of a spherical pendulum m 
general, we may again start out from 
(258) and introduce into it the simplifications which 
are characteristic of infinitesimal vibrations For this 
purpose we assume that both r, the displacement, and 
q, the velocity, are infinitesimals of the first order, 

whereas <j> and may be finite By (255) the height z, 

and by (252) and (253) the constants c and c', aie infimte- 
simals of the second order, and hence it follows that for 
the whole duration of the motion all these orders of mag- 
nitude persist 

Hence the curve of the reference-point coincides as far 
as quantities of the second order with its projection on 
the £rj/-plane — ^that is, it is approximately a horizontal 
plane curve, and the equation (255) becomes simplified to 

= 2lz (262) 

If we now consider the differential equation (258) in the 
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light of the above restrictive simplifications wc find that 
the factor 21 — z may be replaced to a high degree of approxi- 
mation by 21 But this is the only permissible simpli- 
fication , for otherwise the individual terms in all the 
sums and differences have the same order of magnitude 
Hence we now obtam as the differential equation for 
infimtesimal vibrations 

<^dz 

^ 2z'\/ 2lz{c — 2gz) — 

Integrated this gives 


i = Ti cos ^ — T — v - — (2().J) 

2 zVPd - Ugd^ 

where we set the mtegration constant equal to zeio for 
the same reason as m integrating (168) 

Smee the curve lies very approximately m the ir^z-plane, 
we introduce in (263) in place of ^ and 2 ; the 1 octangular 
co-ordinates and y, by (262) and (254), and so obtain 
the equation 

-2 + ^ = 1 (264) 

where c? and 6^ are the two values which the expression . 

2ld^ 

Ic ± — 41gc'^ 

has, according as the root is given the one or the other 
sign Thus the curve is an ellipse with semi-axes a and b 
To discover how this elhpse is traversed, wo set 

x = a cos 6, y = bsm. 6 (266) 

which satisfy equation (264) identically, and find how tho 
angle d depends on the time t Wo get from (253) 


Hence . 


( 267 ) 
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if we set 6 — 0 for t = 0 this is a very simple relationship 
If the values of a and b are substituted from (265), we get 

and this value, mscited in (266), gives 

, X a cos t'\Jj and y = b sm t'\J~ (268) 

which determines the motion in all its details Then a and 
b aie given by (265) and by (262) The period of 
vibration is independent of a and b and is the same as m 
the case of the ciicular pendulum of infinitesimal amplitude 
It IS inteiestmg to observe that the motion heie found 
agrees exactly with that of a fieely moving point -mass 
which IS in the and is acted on by a certain 

central foice emanating fiom O For such a motion, as 
we saw in § 52, is determined by the two equations of the 
principle of sectorial areas and the principle of vis viva 
The former is fulfilled by (253), but the latter is also to be 
regarded as fulfilled if we write the equation (252), in view 
of (262), in the form 

rtt + =, const (269) 

and if we recollect, on the other hand, that for the cential 
motion which we have assumed the principle of vis viva 
holds in the following form, which follows from (151), 
(109) and (108) 

-h 

where /(r) denotes the attractive force in magnitude and 
sign Compaiison with (269) gives 

/(r) = ^^.r (270) 

%) 

that IS, the force is an attractive one and is proportional 
to the distance from O. Of course, we may also show 
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directly that this law of attraction leads to the equations 
of motion (268), not only for infimtesimal vibrations, but 
also for arbitrarily great vibrations 
§ 74 We shall now mvestigate the influence of the 
earth’s rotation on the vibrations of a spherical pendulum 
Eor this purpose the equations (216) are available , they 
express the laws of motion of a material pomt m for an 
observer situated on the earth’s surface at the geographical 
latitude p, the point m bemg acted on by a force, whose 
components are X, Y, Z, in addition to its own weight 
If S IS the tension of the thiead, then 

X=-^ r=-N |, Z^-S 
and the equations of motion run 


Southwards mu = — ^ 

Eastwards mv = — /S 

Towards the 
zemth mw = — S 


cc 

j + 2mcov sm ^ 

V 

j — 2moD{u sin p + w cos 


P 


(271) 


z — I 
I 


— mg + 2ma>v cos p J 


These equations together with (251) contain the com- 
plete solution to the problem 

We now inquire whether the principles of vis viva and 
of sectorial areas still hold here Eor this purpose we 
multiply the equations of motion successively, as in § 47, 
by u, V, w, then add and mtegrate Wo find that the terms 
m S, the terms m co and also those m r cancel out , the 
former because the equation (251) holds for all times, and 
hence may also be differentiated with respect to t , and so 
the prmciple of vis viva is found to be valid m precisely 
the form (252) 

There still remains the prmciple of sectorial areas As 
m § 50 we multiply the first equation of motion by y, the 
second by x, and subtract Then 


XV — yu = — 2o)[xu Sin p + xw cos ^ yv sin p) 
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We now again assume the vibrations to be infinitely 
small Then w becomes an mfimtesimal of the second 
order compared with u and v So if we omit the term in 
w we get, on integration 

^ 2 ^ _ ^y .2 sixi 4 . const (272) 

ctz 

Hence the principle of sectorial areas does not hold here 
We can, however, obtain a picture of the motion by making 
a simple substitution For if we set 

= <56 4 - 01 sin p t (273) 

then (272) becomes 

=z const (274) 


That is, the principle of sectorial areas holds for a co- 
01 dmatc system which rotates about the 2 ;-axis (the vertical) 
with the angular velocity — co sin (3 For when (^' is con- 
stant we have 


Hence if we refer the vibrations of the pendulum to this 
rotating co-ordinate system we find that exactly the same 
laws hold as were deduced in § 73 for a system absolutely 
at rest To prove this we now require to prove only that 
the principle of vis viva is valid also for the rotating system 
For this principle, together with the prmciple of sectorial 
areas, determines uniquely the motion on the spherical 
surface If we write (269) in polar co-ordinates and 
neglect we have 



+ 


gr^ 


const 


(275) 


and if, by (273), we introduce ([>' in place of (f > . 

-I- - 2 a) sm ^ sm^ P + |) = const , 
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a relation which, if (274) is taken into consideration, has 
exactly the form (275), except that now cf>' takes the place 
ol (f) and the constants are slightly altered 
Hence we may enunciate the theorem that, relatively 
to the rotatmg earth, the vibrations of the pendulum of 
mtotely small amplitude occur m the same way as 
relatively to the fixed earth-that is, m an ellipse, except 
that the axes of the ellipse rotate with the angular velocity 
CO sin P— that IS, m the direction south-west-north-east 
on the northern hemisphere (p>0) and in the reverse 
direction on the southern hemisphere The phenomenon 
vanishes entirely at the equator and its effect is a maximum 
at the poles 

Foucault’s famous pendulum expeiiment confirms the 
theory 


§ 76 We shall now investigate the case wheie the 
prescribed conditions are dependent on the feme— that is 
where the reference-pomt is constrained to remam on a 
curve or a surface, which moves m some given way 
The equations / = 0 and = 0 then contam, besides 
the co-ordmates x, y, z of the reference-point, also the 
time explicitly The problem of determining the motion 
of the reference-point for a given driving force F may be 
treated on exactly the same hnes as those described in 
§ 65 Exactly the same result is obtained— that is the 
motion IS determined by the three equations of motion 

Iwt'’ prmciple (217) in conjunction 

with the additional three equations which express the 
prescribed conditions and the theorem that the con- 
straining force Z IS directed at right angles to the curve or 
suriacc 


KS theorems derived in the later 

§§ 66 and 67 lose their vahdity here in general In 
particular, it is no longer correct to assume that the 
constrammg force Z is directed perpendicularly to the 
tangent of the reference-pomt Eor, m general, the orbital 
curve has a different tangent from that to the prescribed 
curve or surface at the same point 



VI 


CONSTRAINTS 


125 


A simple example will make this cleai Suppose the 
reference-point is constrained to remain on a straight line 
which rotates with a given angular velocity in a horizontal 
plane Let Ot be the position of the straight line at the 
time t, Ot' its position at the infimtely near time t' (Fig 17) 
Let the reference-point be situated at A at the time t and 
at A' at the time t' Then the tangent of the orbital 
curve IS AA', whereas the tangent of the prescribed curve 
IS AB, and in general these two directions make a finite 
angle with each othei Since the constraining force Z 
acts perpendicularly to AB, it will in general form an 
acute or an obtuse angle with A A' Hence it follows that 
the work done by the constraining force is not, as in § 67, 
equal to zero, and also that the y 
principle of vis viva is not m 
general obeyed, even when the 
driving force has a potential 
Let us perform the calculation 
for the simple example we have 
chosen, under the assumption that 
the angular velocity a> is constant 
and that no driving force is 
acting We take the central point 0 of the rotation as the 
origin of co-ordinates and the plane of rotation as the 
{x, ?/)-plane Then by (216) the equations of motion are 

mu = Zt, mv = Zy (276) 

The equation expressing the prescribed condition is 

y extern {o)t) (277) 

and the theorem concerning the direction of the con- 
straining force IS 

xZx + yZy = 0 (278) 

These expressions and the initial state determine the 
motion Wo get by eliminating Zx and Zy 



X u + y V = 0 


(278a) 
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and, by introducing polar co-ordinatcs r and 
to (254), and taking into account (277) 


<i>, according 


/ — oj^r — 0 

This equation may be integrated term for 
multiply by r tins leads to 


(2786) 
term if we 


A 2 o <> , 

2 > — = const 


Let us assume that in the initial state r = a and r = o 
then we get the value of the constant of integration and 
hence the differential equation 


U.(, = ~— 7 ~ 

co'Vr^ — ar 

Integrating this we have 


>•= |(e“" + e-“0 (279) 

Thus the reforcnoe-pomt is flung outwards with over- 
increasing velocity— which is easy to understand from 
the circumstance that the constraining force always 
performs positive work, as we see from Fig 17 From 
(279) and (277) we obtain as the orbital curve 

r = I (e^ + e-o’) (280) 

a logarithmic spiral, whose shape is independent of 
It suggests itself to ask what the position is with regard 
to the umversally valid principle of conservation of 
energy (§ 49), since the mechanical principle of vis viva is 
here transgressed The energy principle, of course, also 
remains valid here , the vis viva of the reference-point 
by no moans ansos from nothing, but is supplied by the 
work of the source of power which occasions the rotation 
of the straight Ime For in order to mamtam the pre- 
scribed condition that the angular velocity remam constant 
power IS necessary which must be supplied from outside, 
and this will be the greater the further the pomt-mass 
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moves outwards The woik peifoimed by this force is, 
by the principle of energy, exactly equal to the increase of 
the VIS viva of the material reference-pomt 

More generally we may say that in every case where a 
presciibed condition contains the time explicitly, a certain 
amount of external work will have to be pei formed to 
maintain this condition, whereas the conditions which are 
independent of the time need no performance of external 
work to be realized, this coriesponds with the circumstance 
that the work of the constraining force is zeio in their 
case (§ 67) 




PART TWO 

MECHANICS OF A SYSTEM OF MATERIAL POINTS 
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CHAPTER I 

STATICS OF A RIGID BODY 

§ 76 Iw nature we have to deal, not with material 
points, hut with material bodies of fimte extent But we 
may regard every point as composed of very many material 
pomts and we may trace the differences m the mechamcal 
properties of bodies back to the circumstance that their 
m^vidual points act on one another with different forces 
This reduces the question of the equations of motion of 
material bodies to that of the mechanics of systems of 
material points 

From this pomt of view there are in nature no other 
mechanical forces at all except those between material 

“-o^es m response to the 
resultant of the forces which are exerted on it by all the 
remammg points of the umverse Whenever we speak of 
a force which a whole body exerts or experiences, we do 
not mean this to be taken literally, but only as an abbrevi- 

only the individual 
points are the places where the forces originate or act 
For eve^ force acts from one defimte material pomt A to a 
second defimte material point B R ^ to a 

Hence all forces m nature can be grouped m pairs 
nasmuch as correspondmg to every mdividual force there 

B ®ooond point 

B on the first point A, and any two such correspondmg 

forces are, accordmg to the principle of equahty of action 

(§ 29), e^ual to each other m mag^itode and 

§ 77 We shall next deal m particular with the mechanics 
of pomt-systems which are at rest— that is, with statics— 
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and we shall fix onr attention first on a system whose pomts 
always remam at fixed distances from one another in 
virtue of the forces that act between them, and which is 
therefore called a “ rigid ” body A rigid body is of an 
absolutely mvariable form in all its paits, but as a whole it 
can be set into motion by the smallest possible force 
Perfectly rigid bodies do not occur m nature at all, but 
they are approximately realized by bodies that belong to 
the sohd state of aggregation The importance of rigid 
bodies for the theory does not depend on this circumstance 
alone, but rather on the fact that the mechamcs of 
arbitrary point-systems may be reduced to the mechamcs 
of rigid bodies (of § 130 below) 

The problem to which we wish to devote the present 
chapter is the following Let a stationary rigid body 
of arbitrary dimensions be given, on which forces of given 
magnitude and direction act at defimte given pomts, the 
“pomts of action” {Angriffs^mnU) We inquire into 
the condition under which the forces mamtam equilibrium 
among themselves or, if this condition is not fulfilled, mto 
the force or forces which must be applied m addition to 
establish equilibrium 

We solve this problem by reduemgthe given forces to as 
simple a form as possible, and m this process we proceed 
from the more special cases to the general case The 
simplest case is that where only two forces are aetmg In 
order that two forces which act on a rigid body should 
mamtam equilibrium, it is obviously necessary that they 
should bo equal m magnitude and opposite m direction 
But this IS not yet sufficient For eqmhbrium it is also 
necessary that the line connecting the pomts of application 
A, B (Fig 18) should coincide with the direction of the 
forces For if the second force were to act at B' instead of 
at B there would be no eqmhbrium, and a rotation would 
occur 

This condition with regaid to the direction of AB is 
m fact sufficient for eqmhbrium The length of the dis- 
tance AB and the foim of the body do not matter at all 
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The latter can be seen at once, if we imagine the body to 
be disposed perfectly symmetrically about the connecting 
line AB and also symmetrically with respect to the 
bisectmg plane of the Ime AB (see figure) No one will 
doubt that equilibrium then occurs Moreover, it is 
impossible for this equilibrium to be disturbed when the 
body IS enlarged by the addition of aibitrary masses on 
which no forces are acting 

It immediately follows from this law that the physical 
meaning of a force which acts on a rigid body is no way 
changed if the pomt of application of the force is displaced 
by any arbitrary distance m the direction of the force 
For, without causmg disturbance, we may apply two equal 
and opposite forces F at any arbitrary point C of the body 
situated on the straight Ime AB (Fig 18) Since the 
force which acts at C to the right and that which acts at 
A to the left mamtain equilibrium these two forces may 
be omitted simultaneously, so that we are left with the 
force at G which acts towards the left instead of the force 
at A towards the left But we cannot alter the point of 
application of a force in any direction other than that of 
the force (or m the opposite direction) without altering the 
physical meaning of the force From this we see that 
besides the magmtude and direction also the point of 
application of a force plays a certain chaiacteristic part 
and hence must always be specified if the force is to be 
regarded as completely known 

Of course the displacement of the point of application 
of a force is only allowed within the material of the 
body But we may also make the displacement go be- 
yond the limits of the body if we ariange that the point 
of application of the force remains iigidly connected with 
the body 

§ 78 If several forces act on, a rigid body, whose 
directions all intersect at a point, it is easy to combine 
them into a single resultant — ^namely, by transferrmg the 
points of application to the common point of intersection, 
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which, if it lies outside the body, must be regarded as 
being rigidly attached to it, and then we use § 24 
to combine the forces that act at this point into a 
resultant F whose point of application may now again 
be displaced in the direction of F by any arbitrary 
amount 

As an example we shall consider the attraction which a 
rigid homogeneous sphere experiences, according to the 
Newtonian law of gravitation, as a result of the attraction 
of a material point P which lies outside it The attraction 
IS the resultant of the forces which the point P exerts on 



all the elements of mass of the sphere , the directions of 
all these forces pass through P Hence we first transfer 
all these forces to P and there combine them into one 
resultant F This is accomplished very easily if we 
reflect that the attractive force exerted by P on an element 
of mass of the sphere is equal and opposite to the attraction 
exerted by the element of mass on P Accordingly, by 
§ 33, P IS equal and opposite to the force which the mass of 
the sphere, imagined as concentrated at the centre of the 
sphere, exerts on the point P Now we may again 
transfer the point of application of F from P into the 
interior of the sphere, for example, to its centre In 
this way we arrive at the theorem that the attraction 
which a rigid homogeneous sphere experiences on 
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account of the action of a material point is of exactly 
the same amount as if its mass were all concentrated at 
its centre 

This simple theorem, however, holds only for n rigid 
sphere, and not, say, foi a liquid sphere Foi m the case 
of a liquid sphere the above line of argument, which 
operates with the transference of the points of application 
of the individual forces, which is legitimate only for rigid 
bodies, IS not allowed There is, in fact, an essential 
difference between the forces which a body exerts and 
the forces which it experiences The former, if they 
act at a definite point, may be at once combined to 
form a single resultant, no matter how the body is con- 
stituted, the latter may be so combined only if the body 
IS rigid 

Actually, the attraction which a liquid sphere experiences 
on account of gravitation cannot be combined into a 
single resultant force at all , rather, the sphere becomes 
deformed (cf ebb and flow of the tides) 

If the forces which act on the rigid body all lie in one 
plane, they may in general likewise be combined to form 
a smgle resultant This may be done by selecting any 
two of them and formmg the resultant at their point of 
intersection, the same process is then applied to the 
resultant and a third force, and so forth until the last 
force has been used There is an exception, however, in 
the case of parallel forces, which wo must therefore treat 
specially 

If among a number of forces there are even only two 
whose directions do not lie in one plane, the process which 
has here been described for compounding the forces 
becomes illusory, because the force cannot be transferred 
to a common point of application To solve this most 
general case it is therefore necessaiy to extend the 
theory We shall first consider the case of parallel 
forces 

§ 79 Parallel Forces. We choose as the plane of our 
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diagram the plane defined by the points of application 
A and B and the directions of the two given forces and 
jPg which act in the same sense (Fig 19) Since the 
directions of and Fg do not intersect we introduce two 
equal and opposite additional forces K which act at A and 
B in the direction AB and exactly cancel each another 
Then at A the force combines with K to form and 
at B the force Fg combines with K to form Gg, and now 
we can easily construct the resultant of G-^ and G^ by trans- 



ferring the points of application A and B to the point of 
intersection C (see Fig ) The forces and G^ are 
compounded most easily by first resolving Q-^ and G^, 
again into their components F-^ and K and Fg and K, 
respectively, this is equivalent simply to transferring 
the force-parallelograms from A and B to G The two 
forces K then again cancel and we get the resultant 

F = Fi + F2 (281) 

which IS parallel to the forces Fjl and Fg and which acts at 
C or at any point in its own direction, for example at its 
point of intersection H with the straight line AB This 
point H IS distinguished from all other points of the 
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straight line GH in that its position depends only on the 
magnitudes and pomts of application of the forces F■^^ and 
F 2, but not on their direction 

We get this lesult if we reflect that the triangle formed 
by the forces F-^, K, (one-half of the parallelogram of 
forces) IS similar to the triangle AGH, and hence 

AH HG = K F^ 

In the same way 

BH HG = K F^ 

Consequently 

F^ AH==F, BH ( 281 a) 

or 

Hence if we keep the magnitude of the parallel forces 
F 1 and F ^ constant, but rotate them about their points 
of application A and B, the resultant F also rotates about 
its point of application H and remains unaltered in 
magmtude 

When F2 = 0 , H coincides with A, and when F^ = 
F.^,H lies midway between A and B, as is natural But in 
all cases H lies between A and B 

To deal with the case of any arbitrary number of parallel 
forces we shall mtroduce the analytical method of treat- 
ment Let 2/j^, be the co-ordinates of A, and x^, y^, 
the co-ordinates of B Then the equation to the straight 
line AB is 

^ ^ y -yi ^ z - Z i 

*2 - *1 2/2 - 2/1 Z2 - Zl 

Moreover, the co-ordmates x^, y^, Zq of the point H arc 
determined by the fact that they satisfy the above 
equation and also the equation ( 282 ) Thus 

^0 - ^1 ^ yo - Vx ^ Zq - Zi ^ ^ ^ F2 

*2 -^1 2/2 - yi Z2 - Zi AB Fi -KFg 
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Hence in view of (281) it follows that 

*0 (-^1 -^a) ~ ^0-^ ~ ^ + xJP 2 

?/„ (Fi + F2) = 2 /oF = yiFi + 2/2F2 

% (-^1 + ^ 2 ) = + ^a-Z^a . 


(283) 


That IS, the product of the resultant force F and one co- 
ordinate of its point of application is ecLual to the sum of 
the products of the components and the corresponding 
co-ordinate of its point of application 

It IS easy to generalize this result for any aibitrary 
number of parallel forces 

For example, if we have three forces F<^, F^ we first 
imagine F-^ and Fg to be combined into a lesultant F\ 
whose magnitude is F-y and F 2 , and whose point of appli- 
cation x ' q , y'o, z'q is given by (283) 

Then the required force F is the resultant of F' and Fg, 
and hence, by (281), its magnitude is 

and, by (283), its point of application is determined by the 
fact that the product XqF is equal to the sum of x^ F^ and 

But by (283) the latter product is again equal to 


Consequently 


^iFi + XgFg 


XqF — x^F I + X2F 2 + x^F 3 , 


and similai expressions hold in the co-ordinates y and z 
Hence in the case of any arbitrary number of parallel 
forces jPj, Fg, Fg, all acting in the same sense at the 
points x^, 2 / 1 : ^ 1 ? 2 / 2 ? ^ 2 ) magnitude of the 

resultant force is given by 

F = SF^ (284) 

and the point at which the resultant acts, namely, Xg, 

IS given by 

XqF = y^F = z^F = Sz^F-,^ 


(285) 
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and the point of application may bo displaced by any 
arbitrary amount in the direction of F 
§ 80 Application to Gravity. As a paiticulaily im- 
portant apphcation of the theorems which have ]ust been 
deduced, we consider the question of the lesultant of all 
the forces which the earth exerts on a iigid body according 
to the law of gravitation The earth acts on an element of 
mass % of the body with the force m,;/ in the direction 
of the earth’s centre (§ 34) So long as the dimensions of 
the body remam vanishmgly small com pared with its 
distance from the earth’s centre, the forces ot attraction 
on all the mdividual elements of mass of 

the body may be regarded as parallel and hence combine 
mto a smgle resultant F m the same diicction and of 
magnitude given according to (284) by 

F = g Notj (286) 

which acts at the pomt (x^, y^, Zq), where by (285) 

(287) 

The pomt Xq, y^, determmed by those equations is 
called the centre of gramty of the body Its position de- 
pends not only on the direction of the force of gravity and 
on the magnitude of the acceleration g due to gravity, 
but also on the relative positions of the elements of mass in 
the body Hence it has a far gicatet importance than 
that of being the point of application of the resultant 
gravitational force and is more correctly called the centre 
of mass of the body 

It is often found convenient to speak of the centre of 
gravity of elements of mass even when tliey are not 
rigidly connected with one another , for example” we speak 
of the centre of gravity of a system of freely movable 
pomts of masses, m^, , whore we regat d this centre 

of gravity to be defined at every moment by the equations 
(287) In this case the significance of the centre of 
gravity as the pomt of apphcation of the resultant 
gravitational force becomes altogether void of sense 
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If we wish to find the centre of gravity of a system of 
bodies, it IS often expedient to perform the summation m 
(287) not directly over all the elements of mass of all the 
bodies, but first for each body individually and then, by 
imagining the mass of the body to be concentrated m this 
centre of gravity of the body, to determine the centre of 
gravity again for the new point -masses so obtained 

The fact that this method of procedure always leads to 
the correct result is seen most simply by supposing all the 
bodies to be rigidly connected together and to have weight 
For the resultant force of gravitation of the whole rigid 
system will certainly come out correctly if we first form the 
resultant force of gravity for every body individually and 
then again combine the forces so obtained into a single 
resultant 

If the mass of a body is distributed continuously in 
space the element of volume dV contains the mass IcdV 
(§ 31), where the density k may depend on the co-ordinates 
X, y, z, then the sums become replaced by integrals 
From (287) we get in this case for the position of the 
centre of gravity 

XojkdV = jkxdV, (288) 

If, m particular, the body is homogeneous — ^that is, if 
k IS constant — k cancels out entirely, and wc have 

XojdV^ jxdV (289) 

It IS m this sense that we also speak of the centre of 
gravity of a volume, and likewise of the centre of gravity 
of a surface or of a line, by imagining the geometrical 
configuration in q[ucstion to be uniformly covered with 
mass, whose density then cancels out in each case 

Let us, for example, calculate the position of the centre 
of gravity for the surface of a circular sector of radius 
r and angle of aperture a 

We take the centre of the circle as our origin of co- 
ordinates and the bisector of the angle a as the x-axis 
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We then easily get m the manner of (289), using p and A as 
polar co-ordinates ^ 

Xq J Jpdpd^ = jjp cos (/) pdpd^ 

i/off pf^pd(l> = j I psm<f> pdpdf 
with the limits 0 and r foi p, and - ~ and -|- ^ for ^ 


Hence 


™ 4 a 

^0 = 3 ^ sin 


2 n yo = 0 


(290) 


Eor a — 217 we have the complete area of the circle , 

for this case Xq = 0 For a = 0, however, wo get = -r, 

3 

which corresponds to the 
centre of gravity of an in- 
finitely narrow triangular 
area whoso base is at a 
distance r from its vertex 
Wo must bo careful to 
distinguish between the 
centio of gravity of a tri- 
angular area and the centre 
of gravity of the periphery of the tiiangle The latter can 
be found most easily by means of the theorem deduced 
above, by first findmg the centres of gravity of the 
separate sides (namely, their mid-pomts) and then sup- 
posing each of these points to have the mass of the whole • 
side (measured by its length) 

§ 81 Anti-parallel Forces. Lot us consider two 
forces and which act at the points A and B, but in 
opposite senses , such forces are said to be “ anti -parallel ” 
Suppose that Fi>F 2 (Fig 20) 

We then get the resultant force most simply as follows 
We resolve the greater force Fj into two parallel forces 
that act m the same sense, one of those acting at B and 
being equal and opposite to F^, whereas the other, F, 
acts at a point H on the other side of A This is always 





Fig 20 
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possible if we arrange that is the resultant of these two 
forces — ^that is, so that by (281) 

= F + (291) 

and by (281a) 

F HA = Fa BA (292) 

We next substitute for the force its two components 
F and F^ Then the two forces at B cancel out and we 
are left w]th the force F, whose magnitude is given, by 
(291), as 

F = Fi - Fa . (293) 

and whose diiection is the same as that of the greater 
force F^ The point H at which it acts lies outside the 
line AB on the side of the greater force F^, its distance 
from the point of application A being given, by (292), as 

AH = AB ^ (294) 

Jo 

The equations (293) and (294) may also be regarded as 
generalizations of the equations (281) and (282), which 
were derived for parallel forces, smce they arise from the 
latter if Fg is taken as negative Then the negative value 
of AH indicates that H lies on the side of A remote from 
the point B 

The more Fg approaches F^i^ in magnitude, the further 
H moves off, and when Fg = F^ our method of determimng 
the resultant force becomes illusory Two equal anti- 
parallel forces cannot be combined into a single resultant 
force at all, they form a special class of forces called 
'' couples ’’ 

If we have any arbitrary number of parallel and anti- 
parallel forces actmg on a rigid body they can in general 
be combined into a single resultant For a simple con- 
sideration along the lines of the result obtained for two 
anti-parallel forces shows that the formulae (284) and (285) 
for the resultant of a system of parallel forces are still 
applicable even if some of the forces act in the opposing 
sense We need only introduce the latter force mto the 
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equations with a minus sign Then the sign of the 
algebraic sum of all the forces gives the direction of 
the resultant, whereas the value of gives its magnitude 
There is an exception, however, in the case FFj^ = 0 
Eor here the equations (285) that seive to deteiminc the 
point of action Xq, y^, Zq of the resultant lose then meaning, 
and the whole system of forces reduces oithei to a couple 
or it mamtams eqmlibrmm 

Which of these two cases occurs is decided by the follow^- 
mg considerations We first combine all the forces that 
act in the one direction F\, F\, F'^, into a resultant 
F\ and then all those that act in the opposite direction, 
F'\, F'\, F'\, (taken positively) into their lesultant 
F" 

By our assumption we then have 
SF\ == SF\ . 

Further 

x\SF\ = Zx\F\ 
and x"^SF'\=:^Zx'\F'\ 

We next mvestigate whether the line connecting the 
pomts of application of the two equal anti-parallel 
resultants F' and F" coincides with their dnection or not 
In the former case w© have equilibrium , in the latter 
case we have a couple For equilibrium the lollowing 
condition must be satisfied 

{x'\ ~ x\) (2/"o - 2/'o) (^"o ~ ^'o) = cos a cos fi cos y 

where a, (3, y are the direction-angles of the foicos 
If we substitute the values (296) in this expression wo 
get, if we take (295) into account and introduce the 
symbol F (positive or negative) for the magnitude and 
direction of a force, that the necessary and sufficient 
condition for the equilibrium of a system of parallel find 
anti-parallel forces is 

and Zx^F ^ Zy^F-^ = cos a cos ^ cos y j 


(295) 

(296) 
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Por example, if the forces are parallel or anti-parallel 
to the z-axis, then « = ji = 2 ^ y = 0, and the conditions 
for equilibrium become 


YPi = 0, YaiiPi = 0, Ey^F^ = 0 


The z-co-ordmates of the points of application do not 
enter here at all — as is natural, smce every force can he 
displaced arbitrarily m the direction of the z-axis 

§ 82 Lot us now deal with couples more particularly 
We choose as the plane of our diagram the plane of a 
couple which consists of two anti -parallel forces F and we 


displace the pomt of applica- 
tion of the one foice F so far 
in its own direction that the 
line connecting the two pomts 
of application AB is perpendi- 
cular to F Then AB is called 
the “ arm ” of the couple 
It IS easy to see that a 
couple may bo displaced as 
far as we please in the diieotion 
of one of the forces without 
altering its physical meaning, 



Fig 21 


c 


for example, to A'B’ (Fig 21) For what is allowed by 
§ 77 for any single force must also be possible for the two 


forces together 


Misgivings which may arise about this theorem and the 
way in which they are disposed of may best be dealt with 
in the form of a little dialogue 

“ How can the couples AB and A'B' be equivalent, since 
a rotation of the body about the middle of AB is not the 


same as a rotation of the body about the middle of 
A'B ’ « ” 


The two rotations mentioned are certamly not identical 
But it has not been asserted, and it is not at all true, that 
a couple causes a rotation of the body about the mid-pomt 
of its arm 
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‘'But by § 76 every point moves accoiding to the 
resultant of the force that acts on it Consequently, if 
the couple acts at A and B the points A and B, which are 
initially at rest, move in the direction of their forces F, 
and since the forces are equal, this motion is a rotation 
about the centre of AB ” 

By § 76 every point moves according to the resultant 
of the forces which are exerted on it by all the other forces 
in the universe 

Now m the present case we have not two isolated 
pomts A and B, but a rigid body to which the points A 
and B belong Thus they are under the influence of the 
forces which are exerted on them by the other pomts ot 
the body, particularly by those m their immediate neigh- 
bourhood which cause the body to be rigid These 
internal forces must also be taken into account when wo 
are dealmg with the motion of the points A and i?, and 
not only the forces F 

“ But the internal forces of the body are unable to set 
the body into motion , they maintain equilibrium and may 
therefore be omitted ” 

It is true that the internal forces of a rigid body main- 
tain equilibrium if they are all combined together to form 
a resultant This follows from § 76 by the principle of 
the equality of action and reaction (Newton’s third law) 
But here we are dealing, not with the resultant of all the 
internal forces of the body, but with the resultant of 
those mternal forces which act on the point A (or on the 
point B) 

The fact that these forces are not always m equilibrium 
IS most easily recognized by considering any othcu arbitrary 
point C of the body (Eig 21) 

If the body is set mto motion by the couple the point 
C will also begin to move What force causes its motion 
Only the resultant of the mternal forces that act on at, 
for they are the only forces to which it is subject Just as 
much as the internal forces act on G with a finite resultant, 
so they may also in general act on A or B, and it is this 
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resultant combined with F which determines the motion 
of A and B So we see that a couple does not necessarily 
rotate the body about the mid-point of its arm and that 
our misgivings about the complete equivalence of the 
couples AjB and A^B' are unfounded 

But how does the body actually move under the 
influence of a couple if it does not rotate about the mid- 
point of its arm ^ ” 

This question cannot be fully answered at this stage 
The complete answer, which is unambiguous, will be given 
below (§ 149) 

But a couple may also be displaced by an arbitrary 
amount in the direction of its arm AB without its signi- 
ficance being affected 

For if wo apply two forces F, equal and opposite to the 



Fig 22 


original forces, at each of two pomts A' and B' situated on 
the straight line AB, and such that A'B' = AB, then 
these forces do not disturb the system of forces at all, since 
they cancel out in pairs (Fig 22) The force F at A 
combines with the force F at B', which is parallel to it, to 
form a parallel resultant 2F which acts at the mid-point 
O of AB' In the same way, the opposite parallel forces 
at B and A' combine to form the resultant 2 jP, which is 
parallel to each of them and which acts at the mid-point 
of BA ' — ^that IS, also at 0 Thus these two resultants 
cancel out and we are left with only the couple at A'B', 
which IS nothing else than the displaced original couple 
Furthermore, the arm of the couple may also be rotated 
by an arbitrary amount about its mid-pomt 0 in the plane 
of tho couple — ^that is, of the diagram To show this, we 
again suppose two equal and opposite forces F to be applied 

L 
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perpendicularly to A'B' when the aim A'B' haw been 
rotated through an arbitrary angle IIioho two force's do 
not disturb the system of forces (Fig 23), and on the oiu' 
hand combme the original force at A with the lonxi at ^1 ' 
which points towards it, and on the other hand the oi igiual 
force at B with the force at B' which ])OintM towards it, 
to form a smgle resultant in each case , we disfilaco tlu' 
two components as far as the point of intersection in each 
case (see Eig ) 

Since the forces are equal, the icsultants lie in tlu' 
direction of the bisector of the angle between the two arms, 



and smee they are equal and opposite, they cancc'l out 
Hence we are again left with the original ooiiph', but with 
its arm rotated If the arm is lotatod through tlu' angle' tt 
we agam get the origmal couple 

It IS clear then that by successively disjilacmg the couple 
parallel to itself and rotating it wc can transfioid tlu* 
couple to any position in its own piano without alti'ring 
its physical meaning 

But we may go still further The couple may also 
be transferred to any other parallel plane 'Po show this 
we suppose that the plane of the couple is horizontal 
(Fig 24 which depicts the piano in poispective), the force 
F at A pomtmg towards the reader, the force at B in the 
opposite direction We then again apply two equal and 
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opposite forces F at tlie points A' and B' at the same heights 
vertically above A and B , these forces do not disturb the 
system 

The force at A, which points towards the obseiver, when 
combined with the parallel force at B' acting in the same 
direction, gives a resultant 2F, which is equal and opposite 
to the resultant of the force at B acting away from the 
observer and the force at A' in the same direction These 
resultants also act at the same point, for the mid-pomt of 
the distance AB' is also the mid-pomt of the distance BA' 
Consequently we are left with only the original couple. 



F 


Ft 


B 


F 


I 


B' 


Fig 25 


but now displaced into the upper plane and capable of 
bemg displaced m any arbitrary way in that plane 

Finally, the length of the arm AB may also be altered 
by an arbitrary amount without the physical meaning of 
the couple being affected For if we resolve the force F 
which acts at B into two parallel components, of which 
one, F\ acts at an arbitrary point B' of the straight line 
AB, whereas the other, F ~ F', is assumed to act at A 
(Fig 25), then we may replace the force at B by its two 
components, if we have, by (281a) 

F' AB (298) 

At A there then remains a force F — {F -- F') = F\ and 
atBan equal anti-parallelforceF' — ^thatis, we have a couple 
whose force is F' and whose arm is AB\ where, by (298) 

F' AB' =F AB (299) 
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That IS, the product of the force and the length of arm are 
exactly the same for the new couple aw for the old If 
we call this product the moment of the couple, we have the 
theorem that two couples situated in the same plaiu' or m 
parallel planes and having equal moments ate idcuitical 
§ 83 Havmg become acquainted with the pio])(‘i‘ties of 
transformation of couples, we may now also answer the 
question as to what actually charactetizciS a couiile at all 
Accordmg to the above theorems a couple is obviously 
determmed first by its moment, secondly by the duection 
of its plane, and thirdly by its sense In bhg 20 we see 
two couples which have the same moment and lie lu the 
same plane but which ate novorthek'ss 
f not identical Eor they mamtain equi- 

A I librium — ^that is, they aio exactly 

B opposite to each other This corajiels 
,, us to assign a sense (of rotation) to a 

couple This sense suggests itself if 
we fix our attention on the rotation 

B' which IS indicated by the diiections of 

A' the two force arrows To bo able to 

,, define the sense of rotation imiquoly 
Fig 26 we shall asciibe to every rotation a 

definitely directed axis of rotation, and 
we do this once and for all by making the cotivi'iitioii that a 
rotation of a co-ordinate system about its oiigin, such that 
the positive iB-axis moves towards the positive ?/-axis, has the 
positive 2 -axis as its axis of rotation The reverse rotath «i 
has the negative z-axis as its axis of rotation Since* we 
always use right-handed co-ordinate systcmis (§ l(i), 
this convention is equivalent to the following the axis 
of rotation of the hands of a clock is from the observiw 
towards the dial , or the axis of rotation of a cork-screw 
which IS bemg twisted mto a cork is the direction m whieh 
the cork-screw as a whole moves in the fbcod cork, or 
the axis of rotation of the earth is in the direction from the 
South Pole to the North Pole 

Acoordmgly, the axis of the couple AB in Pig 26 is 
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m the direction pointing from the plane of the diagram 
to the observer, that of the couple A'B' is from the 
observer to the plane of the diagram 

This convention enables us to represent a couple ]ust 

like a force, by means of a simple geometrical symbol 

namely, by means of a directed distance whose length 
denotes the moment N and whose direction denotes the 
axis of the couple But in order to prevent confusion 
with the symbol for a force we shall indicate the direction 
of the axis by means of a double arrow-head 

Accordmgly, the vertical (double) arrow m Fig 27 
denotes that couple whose moment N is equal to the 
length of the arrow and whose 
perpendicular to its direction, and 
whose axis is in the direction of 
the double arrow-head (The corre- 
sponding forces are shown m per- 
spective by means of dotted lines ) 

This symbol may be displaced m 
any way, even laterally, so long 
as it remains of the same size and 
parallel to itself The “point of 
application” of a couple, then, 
has, in oontradistmction to the point of application of a 
force, not the slightest physical meaning 

§ 84 Composition of Couples. Through mtroduomg 
the above described Symbol for a couple we are able to 
formulate very simply the laws according to which couples 
are compounded 

Let us first consider a system of any arbitrary number of 
couples Ai, As, Ag, with parallel axes These 
may all be brought to ho in one plane and, when m this 
plane, to act at a common arm At the one end of the 
arm the forces all act perpendicularly to the arm, and so 
are compounded simply by addition to form a resultant, 
to which there is a correspondmg anti-parallel resultant 
at the other extreme of the arm Thus the result is a 
smgle couple, whose moment is represented by the 


(horizontal) plane is 


Fig 27 
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product of the length of arm and the sum of the individual 
forces — ^that is, by the sum of all the moments N^, 

— and whose axis is the common axis If anti- 
parallel couples are also present we need only take their 
moments as negative, we then obtain the sense and 
magnitude of the resultant moment by adding all the 
moments algebraically 

We next consider two couples and whose axes 
form any arbitrary angle We again combine the couples 
at a common arm AB on the straight line in which the 
planes of the two couples mtersect We desciibe the 
plane of Fig 28 through the point A and perpendicularly 




to the arm, so that the other extreme B of the arm lies 
behmd the plane of the diagram Then the forces and 
^ 2 , which act at A, he in the plane of the diagram, and 
likewise the axes and Wg, but at right angles to the 
forces, m the sense indicated According to the parallelo- 
gram law, the forces jFi and Fg combine to form the 
lesultant F, to which there is an equal anti-parallel 
resultant at B The result is a couple of moment N, the 
direction of the axis of N being peipendicular to F, and 
the ratio A to F having the value 




The quadrilateral formed by the distances A is a 
parallelogram , for it is similar to the parallelogram of the 


I 


STATICS OF A RIGID BODY 


151 


forces F, and is rotated through, a right angle with respect 
to them Hence we have the theorem that if we character- 
ize any arbitrary couples by means of their symbols, they 
are compounded and resolved, like forces, accoidmg to 
the parallelogram law In other words, couples behave 
like vectors This induces us to denote couples by the 
letter N m clarendon type The absolute (or numerical) 
value of the vector N is the moment A, and its direction 
IS the axis of the couple Couples • no 

matter how great their number, which act on a rigid body 
are compounded quite generally by vectorial addition to 
form the resultant couple 

N - SN^ . (300) 

or, expressed in terms of the components 

N cos A = SNi cos Ai = 1 

N cos y. = SN^cqs = SNy-X ■ (301) 

N COB V — ZNi cos = UNzi j 

where A, /x, v denote the direction-angles of an axis 

§ 85 Composition of Arbitrary Forces. The problem the 
solution of which we had to postpone in § 78 because we 
were unable there to compound two forces whose directions 
did not intersect may now be taken up again, since we 
have learned how to compound couples quite generally 
and since, as we shall presently show, it is possible to 
displace the point of application of a foice quite arbitrarily 
by introducing the appropriate couples 

For if we have a force which acts at the point P (Fig 
29) we may introduce at any arbitrary point 0 of the rigid 
body two equal forces F, one parallel and one anti-parallel, 
which mutually cancel 

We then get as a result first the force F displaced to 
the point 0 and secondly the couple composed of the 
original force F and the anti-parallel force at 0 
Let us calculate its moment and the direction of its axis 
The value of the moment is the product of F and the 
length OQ of the perpendicular dropped from 0 on the 
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direction of the original force that passcvs tJiiough P It 
IS represented by the surface of the parallelogram formed 
by the sides OP and F 

This quantity IS therefore called the “ (statical) mommit 
of the force F aotmg at P with respect to tlu' point () " 

If 0 lies m the direction of the foice PF, tlu' moment 
vanishes The axis of the moment is pc'rpendioular to 
the plane OPF and is directed from the diagiam towards 
the observer in Fig 29 

We now see immediately how any aibitiary loices 
acting at any arbitrary points may be coniiioundi'd tlrr* 
forces are all displaced in the manner just deHciih(*d to a 
common pomt of apphcation — ^for example' so thati tlu'y 
all act at the origin of co-ordinates, lu'ro they ai(' all 
combmed into one resultant Besides tins ic'siilt.ant w'(' 
then also have the couples which result from the displace- 
ment of the forces, and by § 84 those coiipk'S are likewise 
all combined to form a single couple 

§ 86 To apply this idea in actual calculations we first 
consider the displacement of a force F acting at tlu' jioint 
r to the origin 0, and calculate the three comjxments of 
the couple which results from this process J^’or it is these 
components which we require afterwards in com])(nmding 
the different couples We find it expedient to use Fig 
3 (§ 17) for this purpose, and we consider individually tlu' 
three components Fx, Fy, Fe of the force F that acts at tlu* 
pomt P Let us first take the component F^. This 
component may immediately be transferred from P to 
pomt B m the a:y-plane, because BP lies in the direction 
of the force But if we now displace Ft furtlu'r from H 
to the point A on the ai-axis, we get m the process a couph' 
parallel to the yz-plano, of moment AB F^ -» i/f^, 
whose axis is the positive ai-axis If, finally, we dispiace 
Fx from A to 0 we get a couple which is paralk'l to the 
a;z-plane, it has the moment AO Fx = xFx and its axis is 
the negative 

The displacement of the other two force components 
Fx and Fy of P to 0 may be carried out simply by a cyclic 
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exchange of letters in the results already obtained 
Accordingly the displacement of Fx leads to two couples 
of moments zFx and yFx, whose axes are the positive 
2 /-axis and the negative 2 ;-axis , and the displacement of 
Fy leads to two couples of moments xFy and zFy, whose 
axes are the positive 2 :-axis and the negative a:-axis 
By (301) these six couples combine to form a single 
couple N, where 

iVa = yF. - ZFy \ 


JSfy — ZFx — ObFz 


(302) 


Nz — XFy — yFx J 


§ 87 A vector N, which is composed of the tvo vectors 
r and F according to (302) is called the '' vector product ” 
(oi external product ”) of r and F to distinguish it from 
the ‘^scalar product ” (or ‘'inner product’’) r F = xFx + 
yFy + zFz (§ 47), and is designated by 

iV = [r, JF] = - [F, r] (303) 


By § 85 the absolute value of the vector product of 
r and F is equal to the area of the parallelogram formed by 
the vectors r and F, and its direction is the normal to this 
parallelogiam, in such a way that the directions N, r, F 
or y, F, N or F, N, r form a /ight-handed system, which, 
moreover, is right-angled if r JL F 

These theorems may of course be directly derived fiom 
(302) the fact that iV J[ r and F may be seen by 
multiplying the individual equations (302) with the 
components of r or with the components of F and sub- 
sequently adding Also, for the square of the absolute 
value of N we get by squaring and adding (302) 

{yFz - zFy)^ -f {ZFx - xFz)^ + {xFy - yFxf 

== {x^^^y^-\-z‘^){Fx^ + Fy^+Fz^)-{xFx’^yFy^^^^ (304) 

= r^F^ ^ y2F2 COS^ (y, F) 

= y^F^ sin^ (y, F), (305) 

that IS, the square of the parallelogram formed by r and F 
The quantities Nx, Ny, Nz, dejSned by (302) are also 
called the (statical) moments, with respect to the three 
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co-ordinate axes, of the force F which acts at P ficnco 
the moment of a force with respect to any sti aight hnc^. in 
space IS equal to the product of tho coinpom^nt of the 
force perpendicular to this Imc and tho distance liom the 
force to the straight Ime Wo confiiin that this theorem 
IS correct by reflecting that the moment ot tho foice 
Fx, Fy, Fz acting at the point {x, ?/, with n^spcnit to the 
2;-axis IS, by (302), equal to tho monu^nt ol tlu^ force 
{Fx, Fij, 0) acting at the point (x, y, 0) with lesjKH*! to tlu^ 
origin of co-ordinates (§ 85) 

§ 88 Taking into consideration the uk^a d(ss(ail)ed at 
the conclusion of § 85, we may now wute down directly 
the result of compounding any arbitrary fon es i/\, F3 
actmg at the points r^, Tho r(\sult is • 


F= ZFi ] 
i\r=i7[r, 


(306) 


Or, in words, if any forces whatsoever act on a rigid 
body, they may always be compounded into a Hinglo foiet' 
F which acts at the origin of co-ordinates and a singh' 
couple N, where F and JV are compounded from the given 
forces in accordance with (306) These eipiat.ions (3()(S) 
contam all the theorems hitheito derived, including 
those dealing with parallel and anti-parallel Hystoms of 
forces, as special oases If wo consider that of the two 
forces of the resultant couple N tho one foiee may be 
supposed to act at tho origin of co-ordinatc's and may 
there be combined with the lesultant foroo F to form a new 
resultant, it becomes clear that tho most general case 
of a system of forces acting on a ngid body may also be 
reduced to two forces 

For a system of forces actmg on a ngid body to maintain 
ecjuilibrium it is sufficient but also necessary that both tlu'’ 
resultant force F as well as tho resultant couple N should 
vamsh By (306) this gives 


^Fi = 0, i7[ri, J?J = 0 . (,306«) 

So we have six equations of condition between tho com- 
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ponents of the forces and the co-ordinates of the points of 
application 

§ 89 A certain arbitrariness occurs in our method of 
reducmg any system of forces whatsoever to a smgle 
resultant and a single couple in that the point of apph- 
cation of the resultant was chosen at random The 
question arises whether and how the result becomes altered 
if all the forces, instead of being displaced to the point 0, 
are displaced to a different point Op In particular, it 
would be of interest to investigate whether it is not possible 
by suitably choosing the point Oq get a specially simple 
result for the reduction of the system of forces This 
answer to this question may be found most conveniently 
by displacing the lesultant J? and the 
couple Hi, which represent the whole ^ 
system of forces, directly from the 

pomt of application 0 to the point 

of application 0^ The displacement ^ 

of V then gives rise to a new couple ^ 

Hi', whose axis is perpendicular to f ® 

and to OOfl. and which combmes with l/_ ^ 

Hi to form a single couple Aq 

Thus we finally obtam at Oq the Fig 30 

resultant f and the couple Nq, from 
this we sec at once that the resultant force If of a system 
of forces is quite independent of the position of its pomt of 
application Oq, whereas on the other hand the associated 
couple does depend on Oq Can we choose 0^ so that N' and 
N exactly cancel— that is, so that Ao = 0 « In general, it 
IS clear that we cannot do so For then N' would have to be 
equal and opposite to N, whereas actually N is restricted 
by the condition N' X F, which does not hold for N 

But the following simplification may always be achieved 
If we resolve N into a component Nq parallel to F and a 
component perpendicular to F (Fig 30), we may choose 
the new pomt of application Oq so that the couple N 
which results from the displacement of F to Oq becomes 
equal to — 
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We need only choose 0^ to lie on the recoding noinial 
of the plane formed by 2? and N (the plane of the diagram) 

and make the distance 00 q = ^ 

Then only the force F and the couple Nq remain at 0„, 
and we obtain the theorem that eve,ry system oj forces acting 
on a rigid body may be reduced to a force and a coug>le whose 
axis lies in the direction of the force 

To obtam a convement survey of the conditions that 
hold m the most general case, we imagine that at every point 
0 of the body we construct the resultant F that acts at 
it and the corresponding couple N It is then clearly 
sufficient to consider all points 0 of a piano perpendicular 
to F , for JP and iV are the same 
on every straight lino parallel to F 
We take as such a plane tho plane 
of the diagram m Eig .‘51 Let 0^ 
be that point of tho plane at which 
the axis of the corresponding couple 
Nq comcides with F, and honco, liko 
F, is perpendicular to tho piano 
We suppose the force F to be directed towards tho reader 
If we pass over to another point 0 of tho piano wo got as a 
result of displacmg the force F from to G a couple of 
moment N' = Ofi F, whose axis lies m tho piano of tho 
diagram and is perpendicular to 0^0 This couple com- 
bmes with iVo (not shown m the figure) to form tho resultant 
couple iV at 0, whose moment is given by 

N2 = + Go02 F^ (307) 

and whose axis lies m the plane perpendicular to 0^0 and 
makes an angle with the plane of the diagram given by 

tan 0 = (308) 

If we make the pomt 0 move round a circle described 
about Go, N', N and 6 remain constant But if tho 
distance OOq is increased N' and N increase to an un- 
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limited extent, while the angle 6 at the same time decreases 
to an indefinitely small amount If we take point 0 out 
of the plane of the diagram into space, all the points 0 
having a definite moment N form an infinite circular 
cylinder, whose ladius increases to an infinite amount as N 
increases The common axis of all these circular cylindeis, 
the locus of all the points Oq, is called the central axis of 
the system of forces , foi it the resultant couple N has 
its smallest value 

§ 90 In addition to the most general case, we shall also 
consider briefly a few important special cases 

If Aq = 0, the couple N corresponding to the point of 
application 0 of the force F reduces to N' (Fig 31) 
Then there is no couple at all on the central axis — ^that is, 
the system of forces reduces to a force F, which acts at a 
pomt on the central axis 

The condition for a system of forces to reduce to a force 
alone is not, then, that the resultant couple iV = 0 (the 
origin of co-ordmates 0 being chosen at random), but that 
N should be perpendicular to F, or, by (306), in vectorial 
notation, that 

SF^ Fil- 0 (309) 

Actually, by choosing the point of application of the 
resultant appropi lately, we can then always make the 
couple N vanish 

If, on the other hand, F vanishes, the central axis 
becomes indeterminate The system of forces then re- 
duces to a definite couple N, whose point of application is 
arbitrary This case is realized, for example, in the in- 
fluence of the earth’s magnetism on a rigid magnet 

If, lastly, F and N both vamsh, we have equilibrium , 
here, too, the choice of the origin of co-ordinates is 
immaterial 

§ 91 Bodies with Limited Freedom of Motion. The 

conditions of equilibrium (306a) refer to a body which is 
freely movable But if certain limits are set to the free- 
dom of motion of the body — say by external forces of 
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constraint — ^the equations (30(k{) lopiesent suflicK'ut but 
by no means necessary conditions of equilibrium, and our 
next question is What arc the neccssai y coiuhtiona in 
each mdividual case * 

Let us first consider a body in which a straight lino la 
kept fixed, and which is acted on by an aibitraiy system 
of forces Such a body repiesmits the moat 

general type of level For lot us take* tlu' fixed stiaight 
line as the 2 -axis, and first reduce the system of ioiei'S to 
the resultant F that acts at the oiigin of co-oidiimtes and 
the associated couple IV In oider that e(piilibiium be 
mamtamed it is not necessary that F — 0 , for at the 
origin of co-ordmates and at every point of the s-axis 
constraining forces act which undei all ciicumstanccH 
neutralize the driving forces acting at these points 

Moreover, with regard to the couple N, its component 
Nx may be represented by two anti-paiallel forci's which 
act in the direction of the y-axis at points on the s-axis, 
and therefore become destroyed by the external oonstiaint. 
The same holds for the component ATy, whoso forces 
may be assumed to act m the direction of tho x-axis at 
pomts on the z-axis The component Ns alone cannot bo 
annulled by the resistance of tho z-axis 

Hence it is sufficient for equilibrium but at the samo 
time necessary that 

Ns = Hix^Fyi - y^Fxt) = 0 (llIO) 

That IS, we require only one equation botwoi^n tho com- 
ponents of the dnving forces and tho co-ordmates of their 
pomts of application H Ns is not equal to zt'ro, tlu> 
drivmg forces bring about a motion— in this casi' a rotation 
of the body about the z-axis For tins icason the statical 
moment Ns of the system of forces with respect to the 
z-axis IS also called the turning moment {Drefmngs- 
momenf) about this axis 

Hence whereas of the six equations (300u) for tlu* 
eqmlibrium of a free rigid body only one is of use m the 
present mstance, the other five are nocessaiy to answer 
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the question as to the resistance which the fixed axis must 
offer — ^that is, the constraint which must be exerted on it 
in order that, regarded as a freely movable body, it may 
remain at rest This constraint is evidently such that it 
exactly cancels the action of the driving forces according 
to (306a) , thus it consists of a force — F which acts at 
the origin of co-ordinates and a couple whose components 
are — Nx and — Ny 

A couple which has the 2 :-axis as its axis is of course 
unable to supply the constraint, since all the constraining 
forces pass through points of the 2 ;-axis It is easy to see 
that to keep the ai-axis fixed it is sufficient only to keep 
two points on it fixed, for example, the origin of co- 
ordinates and one other point 

Hence the forces of constraint may in this case always 
be reduced to two forces which act at these two points 
If the body, besides being able to turn about the 25 -axis, 
can also glide along this axis (we may imagine the body to 
be traversed by a smooth fixed rod or pin), then (310) is not 
sufficient for equilibrium , rather, we must add 

(311) 

For in this case the constraining force is unable to supply 
a component in the direction of the 
It IS easy to see, indeed, that the more freely movable 
the body is, the less the constraint, the greater is the 
number of equations of condition which the driving forces 
must fulfil if equilibrium is to bo maintained This leads 
us to refer to the remark made in § 71 apropos of the 
motion of a material point A body which can be rotated 
about a fixed axis has a single degree of freedom , for its 
position IS deteimined by a single variable, the angle of 
rotation Accordingly, a single equation of condition is 
sufficient to ensure equilibrium If the body can at the 
same time glide along the axis of rotation, a second degree 
of freedom is added and, with it, a second condition for 
equilibrium, and we can proceed further in this way, as 
will be seen in the next chapter 
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Suppose the body can be rotated about a fixed point 
and let us take this point as the oiigin of co-ordinates 
0 Then the resultant jP that acts at 0 will be canoellod 
by the constraint, and the necessary and sufficient condition 
for equilibrium is 

= F^] = 0 (312) 

This represents three equations between the components 
of the drivmg forces and the co-ordinates of their points 
of application 

We shall see that such a body also has three degrees 
of freedom If N differs from zero, the driving forces 
effect a rotation of the body about 0 Hence the statical 
moment IV of a system of forces with respect to a point O 
IS also called the ''moment of rotation’’ of the forces 
about this point 



CHAPTER II 


STATICS OF ANY ARBITRARY SYSTEM 
OF POINTS 

§ 92 We shall now generalize the laws of statics of a 
rigid body for the case of an arbitiary system of mateiial 
points (oi point-masses) For this purpose we first 
propose the problem of finding the conditions for the 
equilibrium oi a system of n point-masses, on which given 
diiving forces Fn act and whose motions are 

subject from the outset to certain restrictions We sup- 
pose these conditions to be represented by a certain 
number p of equations between the co-ordinates of the 
points Our problem then includes as special cases the statics 
of a single material point, considered in Pait One, and the 
statics of a rigid body, since a rigid body is nothing else than 
a system of points whose distances are kept constant 
The system here assumed has degrees of freedom 
For of the total 3n co-ordinates only 3n—p are freely 
variable , the remaining p co-ordinates are determined 
by the prescribed conditions The number p cannot be 
greater than the number 3n In the limiting case, p = 3n, 
all the points are fixed, since their positions are already 
determined by the conditions , in the opposite limiting 
case, p = 0, all the points are free 

To solve the proposed problem we follow the same line 
ot reasoning as led us to a successful conclusion in the case 
oi a single material point Wo take into account the 
physical influence of the presciibcd conditions by intro- 
ducing constraining forces X, which represent this influence , 
for in no other way but by forces can this influence manifest 
itself 

After having introduced these constraining forces 

M 101 
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we may regard the points as free, and we obtain as the 
condition of equilibrium foi the system of points the 
following 3^2. equations between the force-components 

= ( 313 ) 

Here denotes the resultant of the constraining forces 
which are called up at the point 1 by all the p conditions 
If in particular one of the equations of condition does not 
contam the co-ordinates of the point 1, it of course makes 
no contribution to Z^ 

The form (313) of the equation of condition remains 
unfruitful so long as we know nothing further of the 
constrammg forces that have been introduced We there- 
fore next endeavour to set up as geneial as possible a 
property of the constrammg forces In the mechanics of 
a smgle material point with restricted fieedom of motion 
we foxmd that the constrammg force always acts perpen- 
dicularly to the fixed curve or the fixed surface, and that 
the work done by the constiainmg force during any 
motion of the pomt that may occur always vanishcH 
The first form of this theorem is not capable of being 
generalized to apply to the system of points heie in 
question, smee the prescribed conditions may be quite 
different from those for fixed curves or surfaces But it 
IS possible to deduce quite generally the theorem that in 
any motion of the system of pomts under the influence of 
arbitrary drivmg forces the work of all the forces of 
constramt at all pomts taken together must always be 
equal to zero, or 

dr^ = 0 ( 314 ) 

where dri, as m (149), denotes the vectorial distance 
traversed m the time dt by the point 1 

§ 93 The equation (314) forms the basis of the whole 
statics of non-free pomt-systems To prove them wo 
must mvestigate more closely the physical meaning of 
the p equations of condition for the co-ordinates of the 
pomts We can do this only by supposing those equations 
to be realized physically m some way Such considcra- 
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tions can by no means be circumvented, foi the equations 
in themselves cannot exert constiammg forces at all 
They have a physical meaning only if they are regarded 
as the comprehensive expression for the mode of action 
of certain real mechanisms 

We shall first give the proof of equation (314) for a few 
simple cases For a single point (9^ = 1, j) = 0, 1, 2, 3) 
the equation has been fully shown to be valid in Chapter VI 
of Part One (§ 67) 

Let us now take two point-masses and first consider 
the special case whcie both points aie connected by a 
rigid mass-less straight line (rod) of length Z, but are 
otherwise free Then the following equation of condition 
holds between the co-ordinates 

(*2 - + ( 2/2 - 2 / i )2 + ( Z 2 - Zi )2 = ( 315 ) 

What do we know in this case, for any arbitrary motion 
of the two points under the mfiuence of arbitrary driving 
forces, of the forces of constraint and which by 
virtue of the rigidity of the connecting straight Imc act 
at the two points 1 and 2 

If Zi and Z 2 are introduced as special forces, wo may, 
without the motion being affected, regard the two points 
as free But of course we need not do this , thus if the 
points remain rigidly connected they move under the 
mfiuence of the driving foiccs exactly m the same way 
whether the constraining forces Z^ and Z^ are specially 
introduced or not Hence those two forces acting on the 
rigid system cancel each other out, this requires that 
they shall be equal and opposite and that their directions 
shall be the same as that of the line connecting the two 
points Thus 

Zz, =■ S —l~- , Zz:, = - 8 -^-J~ 

y 2/2-yi r _ , 02 / 2 - 2/1 (316) 

y _ a ^2 “ y __ S! ^2 ^1 

— O / ’ ^ ^ I ~ } 
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wheie 8, the tension of the iigid lod, denotes the vahio 
of the constraining force, being positive when a pull is 
being exeited, and negative when the foice is a ptessnre 
By (316) the total work of the constraining foices is 

Zxidxi + Zy^dyi + Zz^dzi + Zijlx^ H- Zy/ly^ + 

= - I ^ (3^2 - x^){dx^ - (?%) + (2/2 - 

+ (22 - 2i) {(h, - dz,)) (317) 

and this expression vanishes for all times, as we see 
immediately if we differentiate (315) with lespect to the 
time 

We next assume the two rigidly connected points no 
longer to be free, but to be further restiictcd in their 
motion by being compelled to remain on a fixed ciuve 
The equation (314) then continues to remain valid 
For the sum-total of all the constraining foices is the sum 
of the amounts of work done by the individual forces of 
constraint, and as such we here have, besides the tension 
of the rigid straight line, only the resistances of the fixed 
curves, for which the theorem has already been proved 
In the same way we can dispose of the moie general 
case of a series of point-masses, each of which moves on 
a fixed curve and, besides, is connected with the preceding 
and the following point by means of a rigid mass -less 
straight line (except the first and last point, which arc 
not connected with each other) In this case, too, the 
total work of all the constraining forces is zero m any 
motion that may occur 

The system of points just considered has a single degnu^ 
of freedom For the motion of the fiist point on its 
curve, which depends on a single variable, completely 
determmes the motion of all the other points, as wo sec 
immediately if, starting out from the first point, wo look 
for the position of the second, third, etc , points and 
reflect that each succeeding point, besides lying on its 
own curve, also lies on a spherical surface which is 
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described about the preceding point with a definite radius 
— ^namely, the length of the connecting line 

§ 94 After these preliminaries we shall now give a 
systematic proof of equation (314) — first for a point- 
system having a single degiee of freedom 

The case n — I has alieady been considered (a point- 
mass on a fixed cuivc) The case n = 2 corresponds to 
two point-masses and five equations of condition between 
the SIX co-ordinates 

In order that the equations of condition may have a 
physical sense we must realize them in some way by 
means of a mechanism This may be done as follows 
If we eliminate fiom the five equations of condition the 
co-ordinates of the second point we obtain for the co- 
ordinates of the first point two equations, which represent 
a fixed curve, on which the point is constrained to remain 
We imagine this curve to bo realized as a material thing 
and that the point 1 is kept attached to it (cf § 65) In 
the same way, we realize the fixed curve calculated from 
the equations of condition for the point 2 All that 
remains for us to do is to find an appropriate mechanism 
to compel the point 2 to move on its curve in a perfectly 
definite way prescribed by the equations of condition, 
when the point 1 moves m any known way If we were 
to connect the points rigidly together, this condition 
would be much too special, so it would not be able to 
fulfil its purpose The following construction, however, 
always leads to the desired goal At each of the point- 
masses 1 and 2 we attach a mass-less straight line of 
arbitrary lengths and which must not, however, be 
too small, and wo connect together the other end-points 
of these two straight lines in such a way that they can 
move freely against each other at their meeting-point F 
If, now, the point-masses 1 and 2 move in a manner 
which satisfies the five equations of condition, the point P 
IS still able to move m very diflerent ways Fiom these 
curves we now choose a definite one and regard it as 
being mateiialized, so that we may compel the point P to 
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remain on it The three points 1, P, 2 then foim a 
mechanical system with a single degree of freedom after 
the manner of that considered in the preceding section, 
whose single point-masses 1 and 2 are subject to the five 
prescribed equations of condition Thus this mechanical 
system represents a realization m matenal foim of the 
five given equations of condition and is fully equivalent 
to them physically If we refused to recognize this con- 
clusion we should not be able to attiibute a definitr' 
physical meaning to the equations of condition at all 

In the preceding section we proved the validity of 
equation (314) for the forces of constraint in a system of 
pomts of the kind in question, consequently it also holds 
quite generally for the forces of constiamt, conditioned 
by the five equations, which act at the points 1 and 2 
For, as concerns the specially introduced point 1\ it is 
true that forces of constraint also act on it which ntx) 
due to its fixed rigid curve and to the iigid straight lines 
li and Zg But their resultant Z and hence also the work 
done by them is, by equation (217), equal to zero for any 
arbitrary motion of the point P, because the jroint P has 
the mass m = 0 and because the driving foico P which 
acts on it is also zero 

If we have the case n = 3 — ^that is, tlneo point-massoB 
with eight equations of condition between thenr co- 
ordmates— these equations may also be realized by a 
mechamsm of the kind described, by making the jioint- 
masses 1, 2, 3 move on the fixed curves and by interposing 
a point P between 1 and 2 and also another between 2 
and 3, just as before Then the same considerations lead 
to the same goal , and the case of any arbitrary nurnbeu n 
of pomt-masses with one degree of freedom may bo 
disposed of in the same way 

We have still to consider a point-system with scworal 
egrees of freedom If such a system performs any 
motion under the action of any driving forces, clearly wo 
can, if we assume the motion to be Imown, add to the 
existing p equations of condition between the oo-ordinatOH 
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any further arbitrary number of arbitrary equations as 
new fixed conditions between the co-ordinates, which are 
compatible with the motion, without the motion being 
disturbed But these additional conditions play only a 
formal part, since they are actually superfluous 

If we now suppose 3?^ ~ ^ — 1 such new conditions to 
be introduced, the total number of conditions amounts 
to — 1, and the point-system has a single degree of 
freedom, thus the equation (314) is fulfilled for the total 
work done by the foices of constraint arising from all the 
real conditions But since the forces of constraint of all 
the new conditions that have been introduced are equal 
to zero, the expression for the total work reduces to the 
work done by the forces of constraint which arise from 
the real conditions, and so the equation (314) is proved 
to be valid quite generally We can express it in words 
as follows forces of constraint may individually do work 
or use up work hut never when taken as a whole This law 
IS intimately connected with the principle of conservation 
of energy, for so long as the continual maintenance of 
the fixed conditions which we realize mechanically 
entails no gam or loss of work, no gain or loss of work 
can arise from their method of acting (cf § 75 m this 
connection) 

§ 95 On the basis of (314) we may now make exactly 
the same deductions for an arbitrary system of points as 
in § 67 for an individual point But since the line of 
reasoning is exactly the same in both cases, we need here 
only state the results If a system of point-masses which 
was originally at rest, and whose co-ordinates aie restricted 
by several prescribed conditions, is set into motion by 
the driving foices that act on it, each point-mass moves 
in accordance with § 76 in the direction of the resultant 
of the driving forces F that act on it and the forces of 
constraint Z Hence wo have for the infinitesimal dis- 
placements of the points that occur in the first element 
of time 


+ Zj) dr^ > 0 


(318) 
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and in view of (314) 

ZF^ clr^ > 0 (319) 

That IS, when motion begins to occnr the dnving Joice.s on 
the whole perform positive woiL Thus motion can occur 
in a system of points at rest only if the points can pet fox m 
a displacement for which the work of the dtiving fotces 
IS positive If the prescribed conditions are such that 
the points are unable to undergo a displacement at all in 
which the driving forces perfoim positive work, no motion 
can occur at all and the whole system pexsists at test — 
that IS, m equilibrium Hence we get as a sufficuuit 
condition for the equilibrium of the point-system that 
for every infinitesimal displacement of the co-oidinates 
which IS compatible with the given equations 

ZFt^ Siiro (320) 

Here Sr denotes Sb perfectly displacement among 

all those compatible with the presciibed conditions, and 
IS therefore called a virtual displacement, in contiast with 
the real displacement dr which occuis in the element of 
time dt So the equation (320) is called the Principle of 
Virtual Displacements or the Principle of Virtual Work 
It was discovered by John Bernoulli m 1717 

In the cases here under investigation the expiession 
for the principle may be considerably simplified For 
smee the prescribed conditions are expressed by equatioxts 
(and not by inequalities between the co-oidinates of the 
points), we see that for every possible system of viitnal 
displacements Sr^, Sr^, the exactly oiipositc system 
of displacements — Sr^, — is possible Now 

if the points are m a position for which a system of 
virtual displacements can be effected which allow 
negative work to be performed, there is ceitainly also 
a system of virtual displacements for which positive 
work may be performed— namely, exactly the opposite , 
and so it is possible for motion to occur in the diK^e- 
tion m question Hence the equilibrium is guaranti'ed 



II 


AEBITRARY SYSTEM OF POINTS 


169 


for all directions only if loi every system of virtual 
displacements 

A'Fi Sii - -r = 0 (321) 

§ 96 The significance of the prmciple of virtual work 
consists essentially in the circumstance that in order to 
find the conditions of equilibiium we need not enter in any 
way eithei into the mechanisms by which the piesciibed 
conditions are realized nor into the constraining forces 
which aiise from them It is quite sufficient to know all 
the kinds of displacement which the given conditions 
allow to the points which are subiect to them Moreover, 
the principle has the impoitant practical advantage that 
it combines the entire set of conditions of equilibiium in 
a single equation — a result which is attained only because 
this IS no ordinal y equation, but a variational equation 
which holds not for definite but for any arbitiaiy quan- 
tities For it IS clear that the content of such a varia- 
tional equation is so much the richer and the conditions 
which it postulates are so much the more comprehensive 
the more arbitrarily wc may choose the vaiiations which 
must obey it 

For example, if the vaiiations 8 ^ 2 , may all 
bo chosen quite aibitrarily — ^that is, if all the points aie 
free — (321) can be fulfilled only if 

jpq - 0, - b, 

for there is nothing to prevent our taking all the variations 
of all the co-oidinates equal to zero except for one single 
variation, say Of the virtual woik only the one 

term Px, then lemains, and since the virtual work is 
to 1)0 equal to zero, the first factor Fx^ must vanish in 
the product mentioned In this way the prmciple of 
virtual woik leads us to the well-known conditions of 
equilibiium for a system of free points 

The opposite extieme is that where all the points are 
fixed — ^that is, then co-oidinates aie already given by the 
preset ibed conditions Then the permissible displace- 
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ments Sr are all equal to zero, and the condition foi 
equilibrium (321) is identically fulfilled for every arbitrary 
value of the driving forces, so that equilibrium exists in 
all circumstances, as direct evidence demands 

In general, for any arbitrary number p of prescribed 
conditions between the point co-ordinates — ^that is, in 
the case of a system of 3n — p degrees of fieedom, we 
arrive from the variational equation (321) at the finite 
conditions of equilibrium between the force components 
and the point components by first reducing the 3n varia- 
tions Sr^i, 8 ^ 1 , 8 x 2 , by means of the p given equations 
of condition which we shall denote by / = 0 , ^ = 0 , 
ifj = 0, to 3n — p arbitrarily selected vaiiations, 
which are then quite independent of one another This is 
done by solving the p homogeneous linear equations of 
condition 


dxi 

dxi 


32/1 

' 3^1 



= 0 


-=0 


-0, 


(322) 


in terms of the p vaiiations, which are to ho rcgaidod as 
dependent on the remammg 3n — p variations 

By substituting these values in (321) wo then obtain 
the virtual work as a homogeneous linear function of the 
2 n — p variations which are independent of one another, 
and accordmg to the above reflection concerning a system 
of independent variations the vanishmg of the viitual 
work demands that each individual coefficient of each 
variation that is independent of the other variations must 
be zero 

In this way we obtain just as many equations of con- 
dition between the force-components and the point- 
oo-ordmates as there are independent variations — ^that is, 
degrees of freedom, namely 3ra - p — and so wo have 
generalized the theorem which we have already found to 



II 


ARBITEARY SYSTEM OF POINTS 


171 


hold for a single material point (§ 71) as well as foi a 
iigid body (§ 91) 

§ 97 If we endeavour to carry out the calculation in 
the manner just described, we find in general that very 
awkward operations are involved Wo have, however, 
in Lagrange’s method of elimination (by means of un- 
determined multiplieis) a method of great value for 
arriving at the result in a way which, although indirect, 
can easily be followed 

We multiply equations of condition (322), after the 
operation of variation, successively by ceitain quantities 
A, /X, r, , the choice of which we leave open, and then 
add them to equation (321) We then get as the equation 
for equilibrium 





dJs 

"'dl 



(323) 


wheie the summation is to be performed over all Zn 
co-ordinates , this equation holds for all arbitrary virtual 
displacements and for all arbitrary values of the p 
quantities A, /x, v 

We next choose these p quantities so that the bracketed 
coefficients of the first p variations, startingfrom8a?i, vanish 

The virtual work (323) then reduces to a linear homo- 
geneous function of the 3?^ — p remaining variations, and 
since we may regard those as completely independent of 
one another, the vanational equation, just as above, 
demands that the coefficients of these 37^ — p variations 
vanish individually 

The not result is simply that all Zn coefficients of the 
expression (323) may bo set equal to zero 


Fdi “f A 
Fy, + A 


3/ 

dxi 


-1- fj. 




d<^ 

0Xi 

3^ 


h V 


+ V 


difj 

3j-i 

dip 

f>?/i 


- 0 


for all points and co-ordinates 
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When A, /x, v have been eliminated, these equa- 

tions are actually the equations of condition between the 
force-components and the point-co-ordmates, and so 
represent the desired conditions of equilibiium in a 
symmetrical and concise form 

§ 98 By comparing the conditions of equilibrium (324) 
with the conditions of equilibrium (313), we may ariive 
directly at the values of the constraining fotces — foi 
example, of the a:-component of the icsultant of all the 
constraining forces that act on the point 1 


Dxi 




dx-^ 


dib 


(;52r,) 


The individual terms refer to the forces of constraint 
that originate m the individual conditions If a co- 
ordinate of a point does not occur at all in an equation 
of condition, this condition furnishes no coirespondmg 
component for the constraining force that acts on the 
point 

If, on the other hand, we inquiie ijito the vaiious 
forces of constraint which are exerted owing to a definite 
condition — ^for example, / = 0 — on the different ])omts, 
their components are in the ratio 


^ ^ K K 

dy^ 0% dx2 


(326) 


which represents a generalization of the expicssion (24()) 
which IS valid for a single material point on a fixed 
surface 

§ 99 We shall now apply the principle of virtual work 
to the equilibrium of a free or non-frco ngid body 
Although we have already treated this case aliovc, it is 
interesting to apply a new method to a pioblem which 
has been solved elsewhere, because in this way we become 
aware of its peculiar properties, and are often led to 
answer a series of new questions, which is of use for 
treating other problems later 

A rigid body is a system of material points whose 
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mutual distances icraam constant it is immatciial here 
whethei the points aie finite m number or whethei they 
fill space continuously as infinitesimal elements of mass 

We next inquiie into the condition for the equilibrium 
of a rigid body which is able to rotate about a fixed ax%s 
and on which definite driving forces act at definite points 
of application 

If we wished to wiito down all the equations of con- 
dition/ = 0, / = 0, and to apply the above desciibed 
method of Lagrange, we should have to deal with very 
long calculations It is much mqie convenient to apply 
the method first desciibed m § 96 and to lefer the varia- 
tions of all the pomt-co-oidinates diicctly to ]ust as 
many independent variations as there aie degrees of 
freedom 

Now, a rigid body with a fixed axis clearly has only a 
single degice of freedom Eoi its position is determined 
when we know the angle which a fixed plane described 
through the axis of lotation and Ivmg in the body makes 
with a plane which likewise contains the axis of rotation 
and IS at lest in space 

Hence all the virtual displacements must be expressible 
by a single vanation — ^namely, by the infinitely small 
angle of lotation 

This IS achieved most simply by introducing cyhndueal 
co-ordinates p, cf, z, where, as before, wo take the axis 
of rotation as the 2 J-axis 

Then we have foi a point of the rigid body 

'*1 = Pi cos (I> 1 , Vi = Pi sin <I> 1 , Zi = Zi 

and foi the vanations of the co-ordinates, since pi and Zj 
remain constant when the body is rotated about the 
z-axis 

S r, = — Pi sin <f>iS4i 

St/i = Pi cos cf>i8^i (326a) 

(5zi = 0 

Now 8r/)^ has exactly the same value for all iiomta of 
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the body — ^namely, the value of the angle ol lotation, 
which we shall denote by < , hence 

= - 2/i t, hi = t: = 0 (320/;) 

and if we substitute these values m (321) we got the 
following expression for the woik ])erfornied by the 
driving forces during an infinitesimal rotation of the body 
through the angle ^ 

^ ^ A. (327) 

According to § 91, this is the product of the angle of 
rotation and the angular momentum of the diiving forces 
about the z-axis If the driving forces set the oiiginally 
stationary body into rotation, then by (3H)) the work 
done by the drivmg forces is positive — ^that is, the lotation 
occurs in the sense of the angular momentum 
Hence if the angular momentum is Keio, the, drivmg 
forces are unable to do any woik at all, and the body 
must remain at rest Wo thcrcfoio again obtain as the 
condition of equilibrium the equation (310), but in a 
much simpler manner, formally, than befoie 
If the body can also glide along the axis of rotation 
(cf § 91), then its displacement is more geneial, Ix'ing 
dependent on two variations — ^namely, that of the angle 
of rotation ^ and that of the distance' glided w, which is 
common to all pomts of the body llio variations of the 
pomt-co-ordmates then become 

Sail = - i/i Sj/i = ail Sz, =- w 
and the principle of virtual woik (321) gives 

I I!{XiFy^ — yxFx) + w SFs^ -ra 0 (328) 

which, smee I and w are independent of each other, 
give the two conditions of equilibrium (310) and (311). 

§ 100 We now assume that only one point is fix&l in 
the rigid body and that the body can bo freely rotated 
about this point Our first question is what is the 
number of degrees of freedom of this system’ To 
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characteiize the position of the body it is not sufficient 
to specify the position of one of its movable points 
Hence, as in § 56, we introduce a second right-handed 
rectilmear co-ordinate system y\ z' which is fixed in 
the body and so moves with it We make the origin 
comcide with the origin of the stationary co-ordinate 
system x, y, z, which is situated at the fixed point The 
position of the body is then determined by the position 
of the '' accented ” system and depends only on the nine 
direction-cosmes a^, ya (§ 56) 

In the equations of transfoimation 

X — -f + (/^z' 

y = PiCc' + Pay' + PjZ' (320) 

2 = yjO:' + y^y’ + y^z' _ 

the accented co-ordinates arc independent of the position 
of the body foi a definite material point of the body, and 
hence the variations of the unaccented co-oidmates are 

Sr == x'Sa^ -f t/'Sag + z'hoL^ 

Zy = x'SPi + y'Spa + z'8p.j ■ (330) 

Zz = K 'Syi + + ^'Sys _ 

But the vaiiations of the dircction-cosines do not yet 
represent the independent variations Foi, like the dnec- 
tion-cosmes themselves, they are connected together 
among themselves by a series of iclationships 
By (32) we have 

= I j 

a2^ + [32^ +72^ = 1 

aj2 + + ^32 = 1 J 

and, besides, since the accented axes form a right-angled 
system, by (37) 

^1^2 + P1P2 + rir2 = 01 

+ P2P‘5 + 7273 =- 0 (332) 

^ 30^1 + PaPi + riri 0 . 
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Altogether we thus have six iolationshi])s, lioni which wo 
gather that of the nine diiection-cosmes only three may 
be chosen arbitrarily and then the othei six are deter- 
mined by them Thus the movable body has three 
degrees of freedom, and accordingly wo must exjrect three 
conditions of equilibrium To find them wo must refei 
the co-ordmate-vaiiations (330) to three mdependent 
variations common to all points of the body 
It would be inexpedient to select fiom the nine varia- 
tions Saj, any thiee ai bitiaiily as inde])endent var ra- 

tions, because this would destroy the symnieti y of the 
equations We do bettei to pioceed indirectly by first 
replacing the accented co-oidinates in (330) again by 
unaccented co-ordinates, in accoi dance with the equations 
(181) We then get 

Sx = (aiSo^i H- agSag + agSa^)^^ + (PiSocj P2SC/2 d" 

+ (yi8% ^ 

By = (a^SPi - 1 - 0C2SP2 + ^38^3)1. + (PiSpi “I P2SP2 ^ 

+ (yi^Pi "b y2Sp2 I yj8p3)/'2 
Bz = (a^Syi -I- a 2 S 72 + ajSyj)^ + (PiSy^ |- P^Syi I Pa^yOV 

+ (yiSyi + y2Sy2 byjSya)- 

On account of the relationships that exist betwe^en the 
direction-cosmes and then vaiiations wo may now efieet 
considerable simplifications 

In the first place, it is easy to see Irom geometneal 
considerations that the lelationshqis (331) and (332) 
retain their validity if we exchange in them the (igiuc^s 
1, 2, 3 by the letters oc, p, y — that is, the accented co- 
ordmate-axes by the unaccented axes The analogous 
relationships then follow 


( 333 ) 


oci2 + = 1 ' 

Pi' + P2' + P3' = 1 
yi^ + yi' + ya^ = l , 
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and 

a^Pi + ^2^2 + “3^3 = 0 "j 
PlVl + ^2/2 + ^373 = 0 \ 

ri«l + r2»'2 + 730^3 = 0 J 

which of course lead to nothing essentially new, being 
already contained in ( 331 ) and ( 332 ) By performing 
variation on these equations we get 

a^Sa^ H- 0C28a2 + o^3Sa3 = 0 
PiSpi + P28P2 + P1SS3 = 0 - 

nhi + 72872 + 73871 = 0 . 

and 

ai8Pi +a28(32 +(738^3-= - (p^Sai -h P28a2 + ^3873) = C 

P1871+ 1^2872 + ^3873= “ ( 7 iSPi +728182+738^3) = ^ 

7i8ai +728a2 = — (0C1871 +0C2872 + 0C3873) = r] . 


(335) 


(336) 


if we introduce for the sake of brevity the infinitesimal 
quantities ^ rj, I, which coriespond in their notation to the 
letters a, (3, 7 or the unaccented co-ordinates x, 2/, z, 
respectively 

The above equations for the co-ordinate- vaiiations then 
run singly 

Sx:==7]Z- ly ] 


Sy ^ 

8z = ^y -r)X j 


(337) 


and in this form they appear simply reduced to terms of 
three independent vaiiational quantities ^,r], ^ common to 
all points of the body 

Substituting in (321) we get for the virtual work (321) 
of the driving forces, if wo use the abbreviation (306) 

I Nx + ri Nif + ^ Nz, (338) 

and the condition fox equilibrium is the vanishing of all 
three components of N, as in (312) 

§ 101 The equations (337) for the most general dis- 
placement of the points of a iigid body with a fixed origin 
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of co-ordinates may, by (303), be wiittcu in vectorial 
form as 

Sr — \o, rj (330) 

if we take o as standmg for the vectoi whose components 
are the infinitesimal quantities tj, C The simplicity ol 
this formula suggests that the vector o has an impoitant 
kmematical meanmg , we shall now investigate this more 
closely 

For the special case ^ = 0, 17 = 0 the oqii<ition.s (337) 
become 

Sx = — ^y, Sy = C^, Ss -= 0 (‘HO) 

These are precisely the expressions (32(ib) for the co- 
ordinate-variations when a iigid body is rotated aliout 
the z-axis through the infinitesimal angle ^ In the same 
way the equations 

Sx = 0,8y= -^z,Sz = ^y, (341) 

Sa: => -rjz, Sy = 0, 8z = — 17 1 (342) 

represent rotations of the body about the x- and the y-axis, 
through the mfimtesimal angles i and 17 

It is easy to see that we obtain the most general dis- 
placement (337), if we add together the variations (340), 
(341) and (342) for each individual co-ordmato — that is, 
if we subject the body successively to the throe lotations 
mentioned, but in any order of sequence Wo must take 
care to note, however, that when the first rotation has 
been carried out, say about the z-axis, the material point 
which was originally situated at the point x, y, z now has 
the co-ordmates x — i^y,y ^x, z, and that therefore time 
values and not the values x, y, z are to be substituted m 
the equations (341) for the second rotation, if wo wish to 
find out at what pomt of space the material jioint which 
was origmally situated at x, y, z finally arrives as a result 
of the three successive rotations But we may convince 
ourselves by performing the calculations directly that the 
error caused by neglecting this circumstance is one of a 
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higher ordei of infimtesimals Foi the more exact equations 
run, foi the first two rotations taken togethei 

Sx= - (y, 8y = -iz, Sz = i{y + 

Here the term in is an infinitesimal of the second 
order and may theiefore be neglected The same holds 
for the third process of rotation 
Nevertheless, we see from these considerations that m 
the case of finite angles of rotation the lesult of the 
successive rotations would no longer be independent of 
the order of sequence in which the lotations are earned 
out This IS a special case of the general law which allows 
us to superpose small events without their disturbing 
one another, which resolves itself ultimately into the 
mathematical theorem that a function of several vaiiables, 
so long as they are infinitely small, is a linear function 
If we now fix our attention on the final position assumed 
by the body after the three rotations i, rj, C have been 
performed, we get a very simple view of it if wo calculate 
the displacement which a mateiial point, oiiginally 
situated on the straight line 

X y z ^ ^ 7) ^ (343) 

has undergone as a whole This straight line jiasses 
through the origin of co-ordinates and in goncTal makes 
finite direction-angles with the co-oidinate axes For it 
the equations (337) give 

8x = 0, Sy = 0, 82; = 0 

That IS, the point is situated m the same place at the end 
as at the beginning Hence the total disjilaccment 
I, Tj, ^ simply represents a rotation of the body aliout the 
straight line (343), and wo get the theorem that the moM 
general mfimtesimal displacement of a rigid body with one 
fixed point is a rotation about a stiaighi line which passes 
through this point Of course, both the direction of the 
straight line and the magnitude of the associated angle 
of rotation are fully determined by the quantities t;, 
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and by (343) the direction of the stiaight line is the 
direction of the vector o The magnitude of the angle 
of rotation results if we take the magnitude of the dis- 
placement 

I St I = + 8^-^ + 8^2 

from (337) and divide it by the distance of the ])omt 
X, y, z from the axis of rotation 

r sin {v, o) 

Calculation then gives, exactly as m (304) and (305), the 
following value for the angle of rotation 

-h XK 


that is, the absolute value | o | of the vector o We there- 
fore also say '' the three rotations r/, I compound in 



Fig 32 


magnitude and direction into a single le- 
sultant rotation in accordance with the law 
of the parallelogram of forces ” This of 
course has only the sense that the rotations, 


when performed in any arbitrary order of succession, lead to 
a final position of the body which may also be aiiived at by 
a smgle rotation with the characteristics above noted 


For in all these reflections there is no question of force 
effects 


According to these theorems, we may completely 
symbohze an infinitesimal rotation and the composition 
of several such rotations graphically by moans of a 
directed straight line which starts out from the fixed 
pomt 0, its length giving the magnitude of the angle of 
rotation, on a convenient scale, and its direction bomg 
designated by the axis of rotation in the sense defined m 
§ 83 To avoid confusion with the symbol for a force wo 
may indicate the end-point of the straight line by means 
of a rounded arrow instead of a sharp arrow (Fig 32) 
We may now operate with these symbols exactly as with 
those for forces , in particular, several rotations about a 
common axis may also be compounded simply by adding 
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up algebraically the angles of rotation to a resultant 
rotation, as we see immediately if we imagine the rotations 
to be executed in succession 

Erom this we also obtain the answer to the (^[uestion as 
to the final position assumed by the body after it has 
been subjected to an arbitrary number of given (infinite- 
simal) rotations m succession If 02 , Oj, are the 
i^^i^idual given rotations, the final result is a single 
rotation 

o = Poi (344) 

exactly as in equation (67) 

The condition that the final position of the body should 
coincide with its initial position or that all rotations should 
mutually cancel is o = 0 

§ 102 All the theorems derived in the preceding 
section refer to a rigid body with one fixed pomt Hence 
the axes of all the rotations hitherto considered pass 
through this point The next question that suggests 
Itself IS how do we compound mfimtesimal rotations 
whose axes do not intersect ? To answer this question 
we must of course from now on imagine the rigid body to be 
completely free 

The peculiar advantage of the method used in the 
preceding section for compounding forces now manifests 
itself Eor although wo are not concerned now with 
forces at all, but with displacements, the problem here to 
be treated, taken formally, amounts to exactly the same 
as the former problem, this is shown in the complete 
agreement both of the starting points and of the auxihary 
methods used m the solution 

In the first place, it is clear that the symbol of a rotation 
(Fig 32) may be displaced arbitrarily in its own direction 
without its kinematic meaning being altered, so long as 
the initial pomt of the straight line lies on the axis of 
rotation This corresponds precisely with the displace- 
ment of the point of application of a force in the direction 
of the force On the other hand, the initial point of the 
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straight line cannot be displaced lateially , foi lotations 
about parallel axes are no more idoutica.1 than <iio parallel 
forces 

If we next reflect that for the whole development of the 
theory of forces acting on a rigid body wo used no other 
foundations, m §§ 78 to 90, than those which are also uscmI 
for infinitesimal rotations, it immediately becomes cleai 
that for rotations we here get the same result by the same 
method as we there obtained for foicos, and that con- 
sequently it is quite sufficient to state the results at ouchi 
and to refer to the earlier discussion for details Ileiu^e 
we may immediately enunciate the following theoiems, 
all of which of course refer only to infinitesimal lotatious 

Eotations about parallel axes, if they are m the same 
sense, compound by addition of the angles ot rotation into 
a single rotation about an axis paiallel to each But 
if the rotations are in opposite senses (anti-parallel) a 
single rotation also results m general when the angles of 
rotation are added together algobiaically There m an 
exception, however, in the case wheie the algebraic simi 
of the angles of rotation is zero Idion the rotations 
either all cancel out or, more generally, there axo loft 
two equal anti-parallel rotations, which arc (‘ailed a 
‘‘ rotation-couple ” (§81) A rotation-couple thus re- 
presents a displacement of the body, which c.annot be 
regarded as a rotation It is a vector q, whoso absolute 
value IS equal to the '' moment ” of the rotation-couplo—- 
that IS, the product of the angle ot rotation and the 
distance between the two axes of rotation, and whoso 
direction is perpendicular to the piano of the rotation- 
couple that passes through it, m the sense dotorminod by 
the two directions of rotation This vector cum bo sym- 
bolized by a distance drawn from an cnd-poiut and pro- 
vided with a double hook, as in Eig 33, whore the two 
rotations indicated in this way are also shown in per- 
spective by dotted lines In contrast with the symbol for 
a simple rotation, that for a rotation-couplo can also bo 
displaced laterally without its kinematic meaning being 
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changed (§ 83) If we sub]cct the body to several quite 
arbitrary rotation-couples qi, qz, qz, there will still 
always result a rotation-couple q, which is obtained simply 
by vectorial addition (§ 84) 

q = Uqi (344a) 

The simplicity of the properties of rotation-couples 
leads us also to surmise that a rotation-couple has a simple 
kinematic meaning We can easily determine this by 
inquiring what is the displacement which the body under- 
goes when it is subjected to two equal anti-parallel 
rotations If we take the one axis of rotation as the 
a?-axis and the arm h of the rotation-couple as the j/-axis 


/ 

f 


Fig 33 

(Pig 34), it IS sufficient to calculate the displacement, 
which a point of the body originally situated m a co- 
ordinate-plane experiences through the two successive 
rotations For a point of the aji^-plane ( 2 : = 0 ), for 
example, the displacement is each time directed parallel 
to the 2 :-axis — ^namely, for the one rotation 8jZ = ^y, for 
the other 82 ^ == — i{y — h), so that together 

Sz = § 12 : + == (345) 

Thus the displacement is everywhere of the same 
magnitude and in the same direction for all points of the 
a; 2 /-plane and hence also for all points of the body Such 
a displacement of the body is called a translaUon. Hence 
we have quite generally the theorem that a rotation- 
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couple q represents nothing else than a translation whose 
magnitude is by (345) the moment 1 | of the rotation- 

couple and whose direction coincides with the axis of 
the rotation-couple 

The equation (344a) now acquires a new graphical 
meaning as regards the composition of rotation -cou])lcs 
in different directions, and likewise the theoiem that the 
vector of a rotation-couple may also be displaced lateially 
Eor, in a translation of a body, in contiadistinction to a 
rotation or a force, all straight lines parallel to the diiection 
of the vector are equivalent 

Furthermore, the following theorem (§ 85) holds A 
rotation o about an axis which passes thiough any point 
r IS kinematically equivalent to a rotation o about a 
parallel axis through the origin of co-oidinatos, togcthei 
with a translation 

q = [r, o] (346) 

which coincides in magnitude and diicction with the 
displacement which the origin of co-oidinates undergoes 
through the originally assumed rotation (§87) 

Finally, we may also answer generally the question 
proposed at the beginning of this section about the 
composition of arbitrary rotations (§ 88 ) If a free rigid 
body IS subiected in any arbitrary order of sequence to 
an arbitrary number of infinitesimal rotations o^, 

03 , whose axes pass through the points ^* 2 , ^ 3 , , 

the resultant displacement of the body is equivalent to a 
single rotation o about the origin of co-ordinates combined 
with a translation q, where 

o = 2*01, q = 2[ri, Oj] (347) 

Here o does not depend on the choice of the origin of 
co-ordinates, whereas q does 

§ 103 Before we proceed we must yet assure ourselves 
that the displacement (347) of the body is also the moH 
general mfinitesimal displacement which it can undergo 
at all Actually, however the body may be displaced, 
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the displacement can clearly always be produced by a 
translation which is so calculated that the oiigin of co- 
ordinates (or, more correctly, the material point which 
lies originally at the origin of co-ordinates) can be brought 
into its final position, and afterwards the body can be 
rotated about the origin of co-ordinates which is kept 
fixed Whether this rotation follows about the origin of 
co-ordinates (at lest in space) or about the material point 
which lay at the origin of co-ordinates before the trans- 
lation, causes only a vanislimgly small difference in the 
result, since points which he infinitely near the axis of 
rotation undergo displacements through the rotation 
which are only of a higher order of infinitesimals 

Having obtained this result, we may now use the prin- 
ciple of virtual work directly to deiive the condition of 
equilibrium for a free rigid body Let driving forces 
act at the points rj, rg, of the body 
Wo then suppose the body to be subiected to the most 
general displacement by means of a rotation o about the 
origin and a translation q By (339) the displacement of 
a point of the body is then 

Sri = ^ -f [o, rj (348) 

wheie q and o lemain without an index, since they are 
common to all points of the body If this value is 
substituted in the expression (321) for the virtual work, 
we get after a little simplification the following condition 
for equilibrium , 

Sii = f/ IF^ h o Pi] - 0 (349) 

and since q and o are quite arbitiary, the equations (306a) 
follow, corresponding to the six degrees of freedom of the 
system 

§ 103a We revert once more to the kinematic con- 
siderations of § 102 and puisne the analogy of the system 
of rotations with the system of forces a little further, in 
the sense of §§ 88 to 90 We may then immediately 
enunciate the following theorems 



186 


GENERAL MEGHANIGS 


CIIAT’ 


The most general infinitesimal disjilacemont of a free 
rigid body may also be represented as the losiilt ot t\i o 
rotations whose axes do not intersect Fuitliernioio, it 
IS always possible to choose the origin of co-ordinates 
so that the total displacement (347) ot the body is re- 
presented by a smgle rotation o about and a trans- 
lation go which falls m the direction of the axis of rotation 
This special axis o which passes through 0^ is called the 
central axis of the rotations which piodnce the displace- 
ment (347) The corresponding translation go is filio 
smallest among all the translations g which coriespond 
to other origins 0 Such a displacement (o, go) is called 
a “ screw ” Hence every infinitesimal displacement of 
a rigid body may be regarded as a screw Tn special 
cases screw motion degenerates into a pure rotation 
(go = 0) or a pure translation (o = 0) 

§ 104 Hitheito we have always regarded the driving 
forces F as given and have made no detailed assumptions 
about their nature It is obviously \ ory important, 
however, to be able to make some general statements 
about these forces , we therefore proceed next to consider 
this aspect 

In the mechanics of a single material point wo have 
already seen (§ 36) that if the resultant driving force V 
arises from central forces its components arothoderivativoH 
of a definite function, the negative potential — (J, with 
respect to the co-ordinates of the point, or, what amounts 
to the same thing, the work of the driving forces forms 
the complete differential oi — XJ Precisely the same 
may be asserted in the case of any arbitrary system of 
points, both when the forces originate in fixed centres and 
when the movmg pomts mutually act on one another with 
central forces 

To prove this assertion we reflect that the total work of 
the driving forces during any motion of the system of 
points IS the sum of the amounts of work done by all the 
mdividual forces , we therefore consider the terms of this 
sum mdividuaUy Concermng the forces which arise from 
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the fixed centres we at once recognize that the work done 
by them at each of the moving points 1, 2, 3, is 

individually represented by a complete di Sciential 
— dU^, — dU^, — dUs, , as was proved in § 36 

With regard to the mutual actions of the moving points 
we likewise imagine the total work resolved into the 
amounts of work done by the forces which two points 
exert on each other, for example, the points 1 and 2 
This work is of the form 

Xi2d'^i + Yi^dyi+Z^2^Zi+X2idr2+ Y^idy^ + Z^idz^ (350) 
where the first of the two indices denotes the point on 
which the force-component acts, the second denoting the 
point in which it originates It we denote the magnitude 
of the force by /(r^g) (calling it positive when it attracts), 
where 

= {^2 - a^i)^ 4- {V2 - Ui)^ + ('^■'>1) 

then the equations (100) hold for the six toioo-comjiononts, 
and the expiession (350) tor the woik becomes 

_ /M ( - dxi) -1- (Va - ViWdi - dy^) 

^12 ^ 

+ (22 - - <^^^ 1 )) = (: b 52 ) 

according to the notation inttodiiccd in (107) 

We therefore sot the foioo-])otential 

U^EU^ VSF{i^2) 

1 1, 2 

where the summation is taken over all combinations of the 
pomts m pairs Then, in any displacement ot the points, 
the work performed by all the central forces is 

iJFi dri ^ -dU . (354) 

and the negative derivative of U with respect to any 
co-ordinate represents the corres] lending resultant force- 
component 

If we imagine the whole })oint-8ystom to be sub-divided 
into two partial systems, then wo see from eq^uation (363) 
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that the potential of the whole system is not equal, say, 
to the sum of the potentials of the mdividiial systems, hut 
that there must be added to these “ self-potentials ” of 
the two systems the “ potential of the one system with 
respect to the other system ” A coriespondmg result 
holds for the resolution into more than two systems 
§ 105 If we now apply the thooiems of § 95 to tlie case 
where the driving forces have a potential IJ, ue auive a,t 
conclusions which represent a gcncialization of those 
already obtained in § 67 First, we have by (954) and 
(319) 

dU < 0 (.‘inn) 

That IS, if a system of points wbicli is oiigimilly at rest 
and which is subject to any arbitrary jirescnbed con- 
ditions IS set mto motion by central forces the jiotontial 
decreases in the process We may also ex pi ess this by 
saymg “ the forces strive to diminish the potential ” 
But if we have for every possible virtual disjilacement 


SU>0 

m the sense of (320), then a state ol equilibiium exists 
For if there is no possible way by which the toicos can 
dimmish the potential, they cannot effect a change m the 
position of the point-system 

We may go still further If m a certain jiosition of the 
point-system the function U has the smallest value which 
It can assume at all m view of the prescribed conditions, 

en this system is in stable equilibiiurn m this riosition 
For not only does the condition of equilibrium ZU =- 0 
hen hold but the system also revolts, when slightly 
disturbed from its position of equilibiium and then left to 
Itself, to Its position of equilibiium, by (355), since the 
potential cannot be diminished by another displacement 
Conversely the equilibrium is unstable when U is a 
maximum, because the point-system, when disturbed from 
this position IS unable, by (355), to leturii to it But if 
V IS quite independent of the co-ordinates of the iioints 
then likewise SN = 0, and hence there is also equilibiium 
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but this equilibrium is noutial— that is, it exists foi every 
position of the points 

§ 106 As a simple example of the theorems here 
derived, we consider a system of discrete or continuously 
distributed heavy point-masses to^, m^, m 3 , which 
are subject to arbitrary prescribed conditions, bemg, say, 
partly connected with one another rigidly or being fixed, 
and so forth Since gravitation is a central force, the 
diivmg forces here have a potential which, if the Z-SiXlB 
ife taken as vertical, is obtained according to ( 354 ) and 
(76a), from the equation 

(h\ = — glm^ch^ — dU 

and by (287) 

U =r gzQ Znii -h const (357) 

That is, the giavitational potential of a point-system is, 
except for an additive constant of no impoitance, the 
product of the acceleration duo to gravity, the total mass 
of the system and the height of the centre of gravity 
Sine© in this product the height Zq of the centre of gravity 
IS the only variable, we obtain, according to the preceding 
section, the general theorem that every transition of 
such a point-system from a state of rest to a state of 
motion IS accompanied by a lowering of the centre of 
gravity, and that a maximum, a minimum, or no change 
in the height of the centre of gravity denotes unstable, 
stable 01 neutral equilibrium In many cases we are 
able to see at once that this theoiem is correct, as, for 
example, in the case of a rigid body with a fixed axis 
about which it may rotate , liere the centre of gravity lies 
above, below or at this fixed point But in other cases 
it leads to consequences which do not appear evident at 
the outset For ex<implc, if we suspend a heavy chain of 
any kind, with equal oi unequal links, from two fixed 
points and allow it to Iiang freely between them, then when 
the chain is m stable equilibrium it always assumes of all 
possible positions that for which its centie of gravity lies 
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lowest From this condition it is possible to ealoulato 
the form of the chain when in equihbiium 

§ 107 Haying dealt with three-dimensional rigid bodies, 
we shall next consider another example of a partially non- 
free system of pomts — ^namely, an inextensihle hut perfectly 
elastic thread, or string Such a system is represented by 
a sing ly mfimte series of one-dimonsional — that is, linearly 
infini te — small rigid elements of mass, each of which is 
connected at its extremities with the preceding and the 
followmg element m a manner allowing of free rotation 
Only the startmg-pomt and the end of the stung arc 
unconnected and subject to special conditions Let us 
suppose that given drivmg forces act on the string , wo 
shall take them to be distributed continuously over its 
elements, assummg that the force which acts on the element 
of are ds of the string has the components 

Fds, Pyds, Fjs (358) 

Suppose the two extremities of the string to lomain fixed 
Our object is to find the position of oq^uilibiium of the 
strmg 

We shall discuss this problem, too, according to the two 
methods with which we have become acquainted, each of 
which has its particular advantages the first introduces 
constrainmg forces, the second uses the i>imciplo of 
virtual work 

Concernmg the forces of constraint, Which cause the 
strmg to be mextensible, those acting at a point P of the 
strmg are defined by the circumstance that they represent 
the forces which must be applied at the point P in order 
that the mechanical state of the point-system in question 
shall m no way be disturbed if we imagine the string to bo 
severed at this pomt Obviously we must apfily two 
forces at P for this purpose, which represent the con- 
strammg forces with which the two oloments of stiing 
that are adjacent at P act on each other According to 
Newton’s third law (principle of action and reaction) these 
forces are equal in magnitude and opposite m direction, 
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and are called the “ teiifeion ” S' of the thread at the point 
P 

The magnitude of S will m general vary from point to 
point Smee the constiamt opposes only the lengthening 
and not the bending of the string, the direction of S co- 
incides at every point with the direction of the tangent 
to the curve of the string 

Equilibrium will occur when every element of the 
string is in equilibiium Let us consider such an element 
PQ of the string, its length bemg ds (Fig 35) Three forces 
act on such an element (1) the tension S at the point P, 
(2) the tension S -f dS at the point Q, (3) the driving 


B 



force F ds We form the r-compononts of these throe 
forces and set their sum equal to zoio The tension at P 
acts tangentially on the element of the string m the 
direction of decreasing s, if we set 

5 = 0 and 5 = I (length of the string) (35!)) 


at the extremities A and B of the whole stung thus the 

required component is - I'ho tension at Q has a 

difierent value and a difToront direction from that at 
P, m addition to the difference in sign Hence its x- 
component is 
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By adding uj) the three components and omitting tlio 


common factor ds we get 




d ( adx\ 
ds\ dTs) 

1 + Fx — 0 


Similarly 

d (ady\ 
ds \ dsJ 

1 + = 0 

, (;$oo) 

and 

1 ( 4 ) 

+ J*. = 0 

/ 



This solves the problem in eveiy respect Eoi these 
three equations not only give us the two e(piations loi* 
the equilibrium curve ol the string, when we eliminate N, 
but they also give us the value oi the tension at evei y 
point of the stung No special condition of eipiilibniiiu 
IS required for the extremities A and B ot the sti lug, sin(*o 
these are fixed points 

§ 108 We shall now solve the same problem by using 
the principle of virtual work For this puiposo we must 
set up the most general expressions foi the viitual dis- 
placements of all the points x, y, z ot the stung Since II 
the individual elements of length are rigid, the variation 
of ds or of ds^ ~ dx^ -h dy^ + dz^ is equal to zcio, thus 

dx Sdx + dy Sdy + dz 8dz ^ 0 

In order to bring out the sense ot these oxpiossions 
clearly, we may suppose that the co-ordinatos //, z 
besides depending on the parametei 6, also depend on 
second parameter^ chosen quite arbitrarily (kuiospond- 
ing to a definite value of p there is then a dofimto cm vc^ for 
the strmg, and for a changed value j; + Sp there is a 
definite infinitely near curve which represents the positions 

of the varied points At the same time, Sr, and 

dp ^ 

so forth The operations d and 8 which coxresjiond to the 
changes ds and Sp are entirely independent ot each othcu 
and may therefore be commutated — that is, Sdx -- dSx, 
and so forth 
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The equation (361) represents an infinite number of 
fixed conditions of the form (322) We apply to them 
Lagrange s method of elimmation described in § 96, by 
multiplying them by factors which are left undetermined 
initially and which vary from equation to equation, then 
addmg them together and to the virtual work, and treating 
the variations Sa;, Sy, 8z as independent of one another In 
this way we get from (361) 


f ^ dy ^ d8z \ 

-ii ^ds ds ds ds ds ds / 


ds = 0, 


where A may be a perfectly arbitrary function of s , by 
addmg this expression to the virtual work of the diiving 
forces (358) we get 

I (f. 8% + + )ds = 0 

To reduce this expression to terms of the independent 
variations 8a;, 8y, 8z, wo must change its form, since 8a; 
does not occur explicitly in the term containing A, but 
differentiated with respect to a This may be done by 
integrating by parts 


/' , dx d8x j dx » I' d dx\^ 

Jo^ds ds }ds 

Here the first term on the right-hand side vanishes because 
the extremities of the stung are fixed Hence wo olitain 
as the condition for oqiuliiirium 




- 0 


and by setting the coefficients of all the individual vari- 
ations for each element of the string equal to zero wo got 

■ (■■««) 

If we eliminate A from those thioo equations wo clearly 
0 
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obtam the same curre as m (360), and so the results are 
in agreement 

The advantage of using the principle of virtual work 
consists, as always, in the fact that this method is in- 
dependent of particular mechanical considerations For 
the same reason, however, it gives no insight into the 
mechanical conditions For the physical meaning of A 
emerges only when we compare the equations with equ- 
ations (360), which show that A is the negative tension 

§ 109 We now diaw conclusions of a general kind from 
the equations (360) If we write them m the form 


dSdx ^ d^x 
d^Ts '^^d^ 


+ F.: = 0, 


(364) 


multiply them by the direction-cosmes of the bi-normals 
(§ 25) of the curve and add up, we see that the direction 
of F lies m the plane of curvature of the curve of the 
string — ^which we also find necessary from simple physical 
considerations 

But if we multiply them by the direction-cosines of 
the element of arc ds and add, we get by (73) and (73a) 


4. P 4- P ^2/ -L P , 


(365) 


That IS, the change of the tension along the string is 
measured by the component of F in the direction of the 
string If the force F is everywhere perpendicular to the 
curve of the string, the tension is everywhere the same 
If the force F has a potential, then 

S ““ = 0, jS = 17 -f const (366) 


That IS, the tension is equal to the potential (referred to 
unit length) except for an additive constant 

§ 110 Let us next assume that the driving force 
IS gravity and that the string is homogeneous , its form 
when in equilibrium is called the catenary {Kettenhme) 
If the mass of the whole strmg is M, that of the element 
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ds of the string is equal to M y, and the components 
(358) of the force which acts on it are 

= 0, = 0, F^ds ^ j g (367) 

Hence the potential of the force F is 
M 

XJ —gz const (368) 

By § 109 the curve of the string lies in a vertical plane 
which IS determined by the extremities A and B of the 
string If we choose this plane as our ii; 2 :-plane, the 
equations (360) reduce to 


Integration gives 




^dx_Mg 
ds~ 1 ^ 

(369) 

a dz Mg , . 

(370) 


where c and represent two constants having the dimen- 
sions of a length 

The following relationship, which results from (366) and 
(368), IS also of value 

8 = ^{z + c^) (371) 


To get the equation to the cuive in rectilinear co- 
ordinates we find it convenient to eliminate S from (369) 
and (371) 

dx c 

2 ; + C2 
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By substituting ds^ = dx^ + dz^ we get the differential 
equation 

cdz 


dx — 


V(Z + 0^)2 - C 2 ’ 


the integral of which is 

a: = c log + C 3 (372) 


Solving for z we have 
z 


. X~C^ X—C; 

^ I ^ c , “ c 

== 2 V ^ 


(373) 


The values of the four constants c, Cg, Cg are given by 
the two equations (359) and the two conditions that the 
given points A and B he on the curve 
The equation to the catenary assumes its simplest form 
if we take as the origm of co-ordinates the point x = Cq, 
z = — C 2 It then runs 

z = l(e~^+e~'j (374) 


The curve runs symmetrically on both sides of the 
z-axis , as x mcreases or decreases it rapidly ascends and 

dz 

has its minimum at the point ^ = 0, or 


a; = 0, z = c 


Instead of the points A and B we may of course take 
any other two arbitrary pomts of the curve, on the same 
side or on the opposite side of the mmimum, as the fixed 
points of suspension without changing the form of the 
curve The tension 8 then simply becomes by (371) 


8 = 



and its mmimum value is thus 



(375) 


§ 111 We shall next consider the equilibrium of a 
strmg which is stretched over a fixed surface/(a:, y, z) = 0, 
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and shall begin by considering the special case where a 
driving force F acts only on the extremity B of the string 
This may be imagined to be realized by having the string 
fixed at the point A of the surface and to be drawn through 
a small ring fixed at the point B of the surface, where it is 
held taut by the force F The fixed surface of course 
presents its convex surface to the string, for otherwise 
the string would not lie on the surface at all The 
eq[uations (360) then become 

d f c,dx\ _ 


where the components of the force of constraint Z which 
IS exerted by the fixed surface on the unit of length of the 
string satisfy the condition (246) From this and from 
the equation to the surface/ = 0, or also in the differential 
form 


4 . ^ ^ ^ ^ 0 

dx ds dyds dz ds 


(377) 


we get the equation to the curve of the string, as well as 
the tension 8 of the string and the force of constraint Z 
that acts on it which, by Newton^s third law, also represents 
the pressure which the surface experiences owing to the 
stretched string 

If we multiply the equations (376) by ^ and so forth, 
and add up, we get, in view of (246) and (377) 


ds 


= 0, ^ = const 


(378) 


That IS, the tension of the string is everywhere the same 
and IS equal to the value F of the driving force, since it 
balances this force at B — a result which emerges directly 
from (365) if we consider that the force of constraint Z 
IS everywhere perpendicular to the curve of the string 
So the equations (376) become simplified to 
d^x 
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from which we get the value of the constraining force 
as 



or, by (74) 



(380) 


That IS, the value of the pressure exerted by unit length 
of the string on the surface is equal to the quotient of the 
stretching force and the radius of curvature of the curve 
of the string The more curved the string, the greater 
this pressure , for a straight line it vanishes entirely 
Since the direction of Z is given by (246), the equations 
(250) follow from (379) for the curve of the string , these 
equations state that when the string is in equilibrium it 
assumes the form of a geodetic line on the surface , this 
line passes through the points A and B 
In view of the principle of virtual work a new and 
important property of geodetic lines follows from this 
According to this principle the string is in stable equili- 
brium when, of all the curves that can be drawn on the 
surface from A to R it assumes that which is of shortest 
length For otherwise the driving force JP, the only 
force which is present at all, would be able to perform 
positive work by drawing the string through the ring B 
(§ 95) Hence every curve of shortest length on the 
surface is at the same time a geodetic line of the surface 
It IS to this property that geodetic lines owe their name, 
since the distance between any pair of points on the earth’s 
surface is measured by the shortest connecting line 
On a sphere the shortest lines are the great circles , on 
a plane they are the straight lines 
But the converse of this theorem is not m general true 
That 18 , a geodetic line is not always the shortest line 
between two of its points, lust as the equation == 0 is 
indeed the necessary but not always at the same time the 
sufficient condition, that s should be the minimum For 
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example, an arc of a great circle on a sphere actually loses the 
property of being the shortest connecting line between its 
extremities if the length of the arc is greater than the semi- 
circumference A stretched string which lies along it is 
then in equilibrium, but this equilibrium is no longer stable 
§ 112 In all our discussion so far we have assumed the 
driving forces to be given But in nature we often have 
to do with problems in which driving forces of a compli- 
cated kind difficult to define come into play, particularly 
when they act in the interior of the bodies It is therefore 
of very great importance to have a principle which 
leads to a simple and conveniently applicable condition 
of equilibrium even in the most complicated cases To 
derive this principle we revert again to the arguments 
brought forward in the introduction to the present part 
of this volume — namely, § 76 On the view there de- 
scribed we may divide all active forces into internal and 
external forces Internal forces are all those which arise 
from points of the system, external forces are all those 
which arise from points outside the system The question 
as to whether a certain force on which we fix our attention 
IS an internal or an external force may accordingly be 
decided only when we have made our choice of the system 
of points, this choice being quite arbitrary at the outset 
In this way we can convert every internal force into an 
external force by excluding the point at which it arises 
fiom the system, and conversely 

This division into internal and external forces is not of 
course coincident with that into driving forces and forces 
of constraint There are internal and external driving 
forces, and there are internal and external forces of 
constraint In the case of a heavy rigid body with a 
fixed point of rotation, for example, the molecular forces 
are internal forces of constraint The support of the fixed 
point is an external force of constraint, the gravitational 
force IS an external driving force But if we include the 
earth in the system of points all these forces become 
internal forces 
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What makes the distinction between internal and 
external forces so fruitful is the circumstance that the 
internal forces in a point-system always occur in pairs, 
and, moreover, so that they are equal in magnitude but 
opposite in sign (§ 76) 

This circumstance combined with the theorem — the 
truth of which we immediately recognize — that every 
state of equilibrium of every point-system remains 
preserved as such if we imagine all the points of the 
system to be rigidly connected together, leads to the 
fundamental theorem a j^oint-system %s %n equihhrium 
the external forces mmntain eqmUhnum among themselves 
when acting on the system which we suppose rigid For 


F F 



2F 

Pia 56 


Since the internal forces acting 
on the rigid system cancel each 
other in pairs, they may be 
omitted altogether This gives 
rise to a considerable simplifi- 
cation which IS the more appre- 
ciated since it IS just the in- 
ternal forces that are very little 
known in many cases 


Smce the choice of the point- 
system IS perfectly arbitrary, the principle just mentioned 
entails numerous consequences, the abundance of which 
may be demonstrated in a few special examples 

§ 113, Let us take the simple case of a rigid rectilinear 
rod which is in equilibrium under the action of two equal 
parallel forces F at its end-points A and R, and an anti- 
parallel force 2F at its mid-point We now select a part 
of the rod, say AD (Pig 36), as a point-system Then 
tte external forces consist of the force F at -4, the force 
2F at G, and the forces with which the part of the rod 
JDB at D acts on the part AD Since the external forces 
together maintain equilibrium among themselves, the 
action of the part DB on the part AD consists of the force 
F with the point of application D together with a couple 
of moment F BD, whose axis is perpendicular to the plane 
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of the diagram (in Fig 36 this direction is from the 
diagram towards the observer) 

This couple can be realized only by different forces 
acting at different points of the cross-section of the rod at 
D (In Fig 36 the forces acting on the upper half are from 
i right to left , on the lower half they are from left to right, 

as IS indicated by the small arrows ) An infinitely small 
I cross-section or a flexible string would not be able to 

achieve this , but in a finite cross-section there is a 
pressure on one side and a tension on the other 

In this way our principle gives us information about 
the force conditions that 
obtain in the interior of the 
body Corresponding to the 
action of one part of the 
’ body on another as above 

j considered there is of course 

' always the equal and opposite 

j action of the second part on 

] the first 

§ 114 We take another ex- 
ample from the realm of 

1 fluids Let us consider a 

large quantity of some heavy 

4 liquid in a state of rest and 

let us choose a part of it of 
arbitrary shape, which is surrounded on all sides by liquid, 
as a point-system, then the external forces are the 
weight of the liquid system, Of, and the pressures exerted 
by the adjacent parts of the liquid on the system (in Fig 
37 these are indicated by arrows) with the resultant F 
^ Hence, by the theorem of § 112, we have 

F = - Qf (381) 

The pressures givearesultantwhich is equal and opposite 
to the weight of the liquid system and is called the 
’ “ upthrust ” 

' Let us next suppose that in place of the point-system in 


G' 



G 

Fia 37 



202 


GENERAL MECHANICS 


CHAP n 


question we have any rigid, system of exactly the same 
form, which we assume to he heavier than the hqmd and 
which IS prevented from smkmg by being suspended by a 
string If we take this rigid body as a point-system, then 
the external forces are its weight G, the pressures of the 
adjacent liquid with the resultant F, and the upward 
pull of the string, which gives the “ apparent weight ” 
G' of the body in the hqmd Accordingly we have 

G + F -G' = 0 

or, by (381) 

G' = G — Gf (382) 

That IS, the apparent weight of the body m the liquid is 
equal to its real weight diminished by the weight of the 
liquid displaced , this is Archimedes’ Principle 

§ 1 15 Finally we apply our principle to a gaseous body 
— ^namely to the equihbrium of the atmosphere Let us 
consider a vertical cylinder of air of unit cross-section and 
let us imagine a layer of air to be cut out of it by means of 
two horizontal cross-sections , we take this portion as a 
point-system The external forces are then, fiist, the 
weight of the layer of air, secondly, the pressure of the 
surrounding air which acts downwaids at the upper cross- 
section, upwards at the lower cross-section, and horizon- 
tally mwards on the curved surface of the cylinder Our 
principle § 112 then demands that the weight of the layer 
of air be equal to the difference of pressure at the lower and 
the upper cross-section 

If we assume the layer of air to be infinitely thin, then 
its weight IS proportional to the density of the air at the 
height m question, and by introducing the general 
relationship between density and pressure we get the 
differential equation which enables us to calculate the 
decrease of the pressure of the air as we ascend 

So we see how fundamental laws in hydrostatics and 
aerostatics emerge from the general principle of equilibrium 
for rigid bodies 
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DYNAMICS OP AN ARBITRARY POINT- 
SYSTEM 

§ 116 We are now sufficiently prepared to develop the 
general laws which contain as special cases the laws of the 
mechanics of a single material point and the laws of 
statics of any arbitrary point-s^T-stem 

Suppose we have to determine the motion of a system 
of n material points of mass on which the 

driving forces JP^, act, and whose freedom of 

motion IS restricted by jp equations of condition / = 0, 
^ = 0, between the co-ordinates of the points and 
the time t 

The solution of this problem is obtained directly by 
applying the principle of d’Alembert (§ 66), according to 
which the point-system is in equilibrium at any moment 
of time t, if we suppose the inertial resistances 
~ mi^i, — 9^2^25 acting at the individual points 
to be added to the forces acting on those points 

Thus with one stroke this problem of dynamics is con 
verted into a problem of statics, and we may immediately 
apply the principle of virtual work (321) 

- mi^i) = 0 (383) 

or the equations (324) of Lagrange 

+ -0 ( 384 ) 

and so forth for all co-ordmates and all points Tf we 
multiply the equations (384) individually by the corre- 
sponding co-ordinate variations and add, we 

again get (383), if we take into consideration the equations 
of condition (322) for the variations 

203 
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The elimination of the p quantities A, [m, from 
(384) gives us Sn — p linear equations between the 
accelerations and the drivmg forces, which, when taken 
with the p prescribed conditions, enable us to calculate 
the accelerations uniquely 

§ 117 A special remark must be made about the case 
where the time t occurs explicitly in the equations of 
condition / = 0, , as, for example, when a point is 

constrained to move on a surface which is itself compelled 
to move in a certain way We might be doubtful from 
the very outset as to what condition the virtual displace- 
ments must satisfy, smce the equation of condition con- 
tains the variable parameter t The equations (322), 
which, according to our above discussion, must also be 
valid here, show that when the co-ordinates are varied 
the time t remains unvaried — ^that is, that, for example, 
in the case of a point situated on a moving surface, the 
virtual displacement at the time t is of the same kind as if 
the surface is at rest in the position which it occupies at 
the time t 

A concrete idea of the meaning of this circumstance is 
given by the case treated in § 75 of a straight lino which 
IS rotated with constant angular velocity co, as depicted 
in Eig 17 Here the virtual displacement must be taken 
along the straight line which is at rest at the time t 
^that IS, in the direction AB and not in the direction 
A A ' , it IS only then that the virtual work of the con- 
straining force IS equal to zero Consequently we have 
from the equation of condition (277), when subjected to 
variation with t constant 

hy = tan {oyt) hx, 

and this combmed with the prmciple (383) 

gives us the same equation of motion (278a) as before 
§ 118 The equation (383) holds for every arbitrary 


in 


ARBITRARY POINT-SYSTEM 


205 


system of mfimtesimal co-ordinate displacements 
which satisfies the conditions (322) If by way of con- 
trast we consider the infinitesimal co-ordinate displace- 
ments which actually occur in the element of 

time dt when the pomts move, we see that they satisfy 
the conditions 




dx- 




92/1 ' 




(385) 


which are definitely distinguished from the equations 
(322) in that they contain in addition the terms in 

•!“? Hence in general the true displacements 

dx-^, do not belong to the system of virtual displace- 
ments, and we are not allowed to replace Sr in (383) by dr 
But if the prescribed conditions / =: 0, ^ = 0, do 
not contain the time explicitly, as we shall now assume, 
the terms which constitute the difference between (322) 
and (385) vanish, and the actual displacements become a 
special case of the virtual displacements Hence by 
(383) we also have 

2'(Pi - mi^i) dr-y^ = 0, 

or, otherwise expressed 

dK = ZF-i dvy^ 


where we set 


(386) 


Z = - Zm-iq-^ = ^ ^ ^ ^337) 


If we call the quantity K the kinetic energy or the vis 
viva of the point-system, the equation (386) states that 
the change %n the laneUc energy of the point-system %s equal 
to the total worh of the driving forces , this is completely 
analogous to equation (147) and is quite independent of 
the prescribed conditions, as in § 67 

This simple relationship arises of course from the fact 
that the total work of the forces of constraint vanishes 
not only for every virtual displacement, but also for every 
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true displacement of the pomt-system m the element of 
time dt This would not be the case if the prescribed 
conditions contained the time t explicitly, as was explained 
in detail in the simple example of § 75 

§ 119 Eor forces which have a potential U, we have by 
(354) and (386) if we integrate with respect to the time t 

K + U — const = + Uq (388) 

and if we again, as m § 49, call the quantity 

K+U = E (389) 

the energy of the point-system — ^that is, the sum of the 
kineUc energy K and the potential energy V — then the 
equation (388) states the law of conservation of energy 
We have already discussed m detail in § 49 how it is to be 
generahzed for non-mechamcal processes 
The equation (388) also makes it possible for us to make 
a further deduction from the arguments contained m 
§105 It was there shown that corresponding to a 
mmimum of the potential U there is a stable state of 
equihbrium of the pomt-system We proved this by 
reflecting that when the pomt-system is slightly disturbed 
from its position of equilibrium and then left to itself 
at rest, it can only move m a direction leading to the 
mmimum of U Now, a shght disturbance of the equili- 
brium can also be produced in a more general way — 
namely, by imparting to the points a small initial velocity 
before they are left to themselves 
In the initial state of the motion which then occurs Kq 
IS a small positive quantity, and is equal to •+ 
U'q, where C/'j is likewise small and positive Con- 
sequently we have by (388) for the whole duration of the 
motion that 

K^U + H'o (390) 

IS small and positive Since K consists only of positive 
terms and smce U - is positive, the velocities of all 
the pomts are permanently small, and the pomt-system 
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persists near its position of equilibrium — that is, the 
equilibrium is stable A corresponding argument holds 
for a maximum of U 

§ 120 In general, the driving forces which act on the 
point-system are not of a conservative nature (§ 49), 
particularly not when more or less arbitrary disturbances 
are introduced from outside Hence we shall now assume 
that the driving forces are of two kinds conservative 
forces and external forces of a non- conservative kind which 
we denote by Fa Then we have m general for the work 
of the driving forces 

S-^F-ydr^ = -dU A (391) 

where we write 

A = SFa dr (392) 

for the work of the external forces or the external work ” 
The equation (386) of energy then becomes 

d{K ^-V) =^dE A (393) 

That IS, the change of energy of the point-system is equal 
to the external work, being positive or negative according 
as the external work is done on ” or by the system 
In the former case the change occurs in the sense of the 
external forces, in the latter in the opposite sense 
If we include the points or bodies from which the 
external effects emerge in the point-system under con- 
sideration, all the externa] forces vanish (cf § 112), and 
the system is called a '' complete ’’ or a '' closed ’’ system 
For a closed system the energy-prmciple again holds in 
the form (388) as the law of conservation of energy, and 
in this sense we speak of the conservation of energy of the 
whole world as of that material system which comprises 
all bodies capable of producing effects We must bear in 
mind, however, that m nature a closed system in the 
absolute sense cannot be demonstrated with certainty, 
and hence that we cannot calculate with the energy of 
the world ” as a definite quantity 
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This does not, of course, prevent us in some circumstances 
from treatmg even arbitrarily small finite point-systems, 
if sufficiently isolated, as closed systems 

If we resolve a complete system into two partial systems, 
then the work done by the points of the one partial system 
on those of the other will entail a change m the energies 
of the partial systems — ^that is, through this work energy 
will be transferred from the one partial system to the 
other, whereas the total energy will remam constant We 
must take care to note, however, that in general the 
potential energy of the whole system is not, like the 
kmetic energy, equal to the sum of the energies of the 
partial systems (§ 104) 

§ 121 To obtam a clear idea of the magnitude of the 
kmetic energy of a pomt-system it is often found expedient 
to refer it to a movmg co-ordmate-system, whose origin 
IS at the centre of gravity of the system Then the 
equations of transformation (191) give us the followmg 
expression for the value (387) of the kmetic energy 

But smce, as we can find by differentiating (287) with 
respect to the time 

- u^) = 0, (394) 

the kmetic energy reduces to 

iT == I + \ (394^k) 

That IS, the kinetic energy of a pomt-system is composed 
additively of the kmetic energy of its centre of gravity, 
if we suppose all the masses to be concentrated in it 
(energy of translation ’’) and the kmetic energy relative 
to the centre of gravity (energy of “ vibration,” which 
includes motions of rotation as special cases) 

§ 122 The fundamental law of mechanics which we 
have hitherto expressed m the equations (383) or (384) may 
be formulated in several other ways, which have exactly 
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motion. 'I’Ik' ojiorations d and 8, which eorroHpond to the 
I'hnngoH lit nndep, are entirely independent of each otlu'r, 
and may therefore he commuted : 


d8.r „ dx 
(It * (It 


(:Jt)(t) 


Tho variatioiiH h.r ' • • nre quite arbitrary at 

every inommit of time t and are Huhjeet only to the 
eoniiitioim (Utii), in vvliieh tho fimetionH f, <f>, . , . may 
also contain the turn* t osplieitly. 

By writing tho time inti'gral (.‘{flf)) in a Homewhat 
ditfiTont form, we next otitain for the virtual work, hy 

(aul) : 

2’jP*8u; ^ ~hU \ A , . (m) 

i* 


““ hU" 1 A , 
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where V denotes the potential of the conservative forces 
of the system, and A the virtual work of the external 
forces An external force, which is at the same time 
conservative (such as gravity), can be included either in 
— BU or A accordmg to our wishes 
Further, integration by parts gives us the term 




dx dSx 
dt dt 


and, if we now introduce the assumption that the variations 
of the co-ordinates of all the pomts vanish for t = and 
t = then in view of (396) 




and hence by substitutmg in (395), by (387) 
f'dt {SL + A) = 0 
where we have used the abbreviation 


L = K-U ( 401 ) 

The equation (400) expresses Hamilton’s prmciple of 
least action The function L, which is not to be confused 
with the energy E, is called LagraTige’s Jimchon or the 
hmetic potential In contrast with d’Alembert’s principle, 
accordmg to which the motion is determined by the initial 
positions and mitial velocities of the pomts, the motion 
here, by the prmciple of least action, is determined solely 
by the initial positions {t = tg) and the final positions 
{t = ^i) of the points For it is these points which are 
kept fixed m all the infinitely near motions that are con- 
sidered, whereas the velocities, including the mitial 
velocities, may be varied arbitrarily withm the range of 
the prescribed conditions 

The supreme importance of the prmciple of least action 
for the whole of physics depends on the fact that the 
concepts of potential and external work that occur in it 
also have a meanmg outside mechanics and on the further 


I 
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fact that the principle has not been shaped for use with a 
definite kind of co-ordinates These circumstances enable 
it to be applied directly also to electrodynamic and thermo- 
dynamic processes, where it has everywhere been of great 
value 

§ 123 Let us consider a simple apphcation How does 
a material point subject to no drivmg forces move on a 
fixed surface « By (400) and (401) we have for this case 



or • 

S pX (402) 

Expressed in words among all the motions possible 
on the surface, which bring the point from a definite 
initial position in a definite time into a definite 

final position, that motion actually occurs in nature 
which makes the time-integral of the kinetic energy a 
minimum 

This single theorem gives us both the form of the 
orbital curve and the velocity with which it is traversed 
For if we substitute the value 



we get from (402) . 



or, if we perform the variation and then integrate by parts 



Smce Ss is arbitrary for any intermediate time, it follows 
from this, first that for all times ^ = 0, and so the 
ds 

velocity^ = const (§ 71) and secondly that S(Si — s^) — 
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0, where 5^ — denotes the length of the orbital curve 
Thus the orbit is a geodetic line of the surface (§ 111) 

§ 124 We shall next use the convenient form of 
Hamilton’s prmciple to transform the equations of motion 
of a pomt-system from rectilinear right-angled co- 
ordmates to any arbitrary co-ordmates whatsoever For 
m many cases it is found expedient to choose instead of 
rectilmear co-ordmates others which are better suited to 
the prescribed conditions of the system — ^for example, in 
the case of rotations the angle of rotation We then need 
to take only so many co-ordmates as there are degrees 
of freedom m the system and we may regard these co- 
ordinates, which we shall caU q^, , as independent of 

one another The rectihnear co-ordmates x^, 

are always defimte functions of the g’s which are known 
from the very begmnmg and which, if the prescribed 
conditions are dependent on the time, also contain the 
time t explicitly. If this is not the case the velocity 
components %, are definite homogeneous linear 

functions of the g’s, whose coefficients may, however, be 
dependent on the g’s 

Smce the variations Scrj, are at any rate homo- 
geneous hnear functions of the Sg’s, the expression for the 
virtual external work A m (400) and (392) has the form 

A = (403) 

where the quantities ^ are given by the external forces 
and are called the external generalized force-com- 
ponents ” corresponding to the general co-ordinates q 

This definition of force is the most general that can be 
given at all, it hnks up with the universal concept of 
work, that is, of potential, and extends its significance to 
every kmd of change of state which can be characterized 
by a change of a variable q It is worthy of note that the 
dimensions of the generahzed force-component adapt them- 
selves accordmg to the dimensions of q. If, for example, 
q IS an angle, accordmg to (327), is an angular 
momentum 
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Furthermore, with regard to the variation of Lagrange’s 
function, L IS a definite function, regarded as known, of the 
second degree in g^, gg, , whose coefficients depend on 
gi, ga, , and possibly on t Accordingly, since the 
time t IS not subjected to variation 

Let us imagme the expressions (403) and (404) sub- 
stituted m (400) and aU the variations that occur reduced 
to terms of the mdependent variations Sg^, Sgg, 

This IS accomphshed m the case of the quantities Sg = 

S ^ ^ by means of mtegration by parts, according to 

the scheme 



smce at the hmits of the integral the variations 8g 
vanish just Mce the 8a;, 

After each term behmd the integral sign of (400) has 
received one of the variations Sg^, Sgj, as a factoi, 
we must have, if (400) is to remam valid and since these 
variations are mutually mdependent 



fdL\ 


(fr 

\dqj 

0gi 

d. 


dL 

dt 

\dqj 

II 

Ico 

1 


(405) 


These are the so-called Lagrange equations of motion 
“ of the second kmd ” as contrasted with those, (384), of 
the first kind 

§ 125 As an example we determme the equations of 
motion of a free point m polar co-ord%nates r, 6 , 4> The 
external work is 

A = Bhr + 080 -f (&8^ (405a) 

where R, 0, ^ denote the correspondmg force-components. 
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If no potential energy is present Lagrange’s function 
IS equal to the vis viva E, and hence, m view of (92) 

L = -^{r^ + rW + r® sm^ d(l>^) (4056) 

and consequently the required equations of motion (406) 
are 

^ (mr) — mr {d^ + sin^ dcj)^) = R 
^ {mrW) — mr^ sm 9 cos 6^^ = © ) (405c) 

^ (mr^ sin^ d<l>) = ^ 

a simple result which could have been obtamed directly 
from (55) and (92) only by laborious calculations 

In a correspondmg way we obtam for the cylmdncal 
co-ordinates p, <]>, z by (159) 

(mp) - mp<f>^ = P 

I (mp^) = 0 (405d) 

§ 126 We shall now derive the prmciple of vis viva 
directly from Lagrange’s equations of the second kind and 
shall therefore assume from now onwards that the time t 
IS not contained explicitly m the expression for Lagrange’s 
function L If we multiply the equations (405) in turn 
iv 9'2> add, we get for the work performed by 

the external forces in the time dt 

S0rdq^ = A = P {q^d (||) - || dq^ (406) 

If we compare the expression on the right-hand side 
of the equation with the complete differential 
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then we see that the two expressions when added together 
give 

4 + <a-z(g.<|) + !<*«.). 

and this is the complete differential of 




dL 


Accordmgly, we get A 
if we set 


dE or the equation of vis viva, 


E = Eqi 


9 ?! 


(407) 


The agreement of this equation with the defimtion of 
the lanetic potential given m (401) follows at once if E 
IS replaced by Z + D" and Z by Z — U, and if we reflect 
that U does not depend on q Tor then it follows that 


Z = 


1 V, az 

2 


(407u) 


a relationship which always holds, since JT is a homogene- 
ous function of the second degree in the g’s 
The relationship, which here appears for the first time 
in (407), between the energy and Lagrange’s function has 
a significance which is essentially more general than that 
expressed in (401) For the equation (407) retains a 
definite sense even in the case where the energy E cannot 
be divided into kinetic and potential energy, as, for 
example, in electrodynamic processes 

§ 127 As we have seen in § 75 and, more generally, in 
§ 118 the principle of vis viva loses its validity if the 
prescribed conditions contain besides the co-ordinates also 
the time explicitly But the equations of motion (405) 
also remain valid in this general case, as is seen from the 
way in which they were derived In the case of the motion 
of a point on a straight line which is rotating with constant 
angular velocity oj — a case which we have discussed in 
§ 76 and in § 117 
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and so by (405) 

~ (mr) — mrco^ = 0, 

which IS m agreement with (278&) 

As a further example we discuss the vibrations of a 
pendulum movmg m a vertical plane, its length I changing 
in some definite given way Then Z is a given function of 
the time, and we obtam, if we take the angle of displace- 
ment <f> as the only mdependent co-ordmate> by § 70 

'W7 

^ = 2 + P), U = — mgl cos 4> + const 

Consequently, by (401) 

■L = w {1^4^ + l^) + cos 4 + const 
and, by (405), we get as the equation of motion 

^ {ml^4) + '^9^ sin (ji = 0 
or 

214 + Z^ -{- gr sin (;& = 0 (408) 

an equation which differs from the equation (244) of a 
common pendulum in having the term 214 
We can choose the rhythm with which the length alters 
so that the energy of the vibration is influenced pre- 
dominantly m a definite sense It is owing to the same 
circumstance that we may swing ourselves as high as we 
wish by properly timed impulses 
§ 128 The first quantities that occur in Lagrange’s 
equations (405) 

are called the generalized momenta correspondmg to the 
general co-ordmates q They are linear homogeneous 
functions of the velocities q — that is, they may be expressed 
simply in terms of the g^’s and conversely Corresponding 
to the rectilmear co-ordmates x, y, z we have the momenta 
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mx, my, mz, which are obtained directly from the exrpression 
for L 

It IS often found useful to characterize the state of the 
point-system by usmg, m addition to the co-ordmates q, 
the momenta p m place of the velocities q The equations 
of motion then assume a particularly simple form if the 
energy E is mtroduced as the characteristic function 
instead of the Lagrange function L We then write the 
equation (406) for A = dE m the form 


dE = z{q^dp^-^^dq) 

and consider E as & function of the q’s and p’s from this 
it directly follows that 


and : 


dpx 3p2 



(410) 

(411) 


The suffixes outside the brackets are to denote that E 
IS to be differentiated while p is kept constant and L is 
to be differentiated while q is kept constant 

By usmg the last relationships we may write the 
equations (405) as follows^ 


#1 a, I 

dt dpx dt 3gi ^ 

^ dj^ ^ ^ ( 

dt dp^ dt SS'a ^ 


(412) 


These are “ Hamilton’s canomcal equations of motion ” 
From them we obtam, if besides the external forces also 
the energy E is given as a function of the q’s and p’s, all 

* Here the and (p’s are no longer assumed to be functions 
of the one variable t but independent variables This is justified 
by the circumstance that the equation is valid for all arbitrary 
forces, and hence also for any arbitrary change of state of the 
point-system 
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the g’s and jp’s as functions of the time t and of those 
constants which refer to the initial state 

Also the energy prmciple follows directly from the 
equations (412), if we use it to form the expression for 
the complete differential dE 

If the external forces 0 are given as functions of the 
time t the equations of motion (412) may be simplified in 
form by introducing '' Hamilton’s function ” 


H = E 2701^1 
The equations (412) then become 

_ dH dpi __ dH 

dt dpx ~ 


(412a) 

(4126) 


For a closed system {0 = 0) Hamilton’s function E 
becomes coincident with the energy E, and we obtain 


dt ^ dpi^ dt ~~ dqi 


(413) 


§ 128a A general method of integrating the equations 
of motion (413) that hold for a closed system may be derived 
by considermg a httle more closely the '' action integral ” 
or the action function ” 


W = ("Ldt (414) 

Jh 

which occurs in Hamilton’s principle 

This quantity has a perfectly definite value for the real 
motion, if the initial and final positions of the system are 
given By (400) this value is characterized by 

SW = I'^SL dt= 0 (415) 

Jto 

for every variation of the motion 

Let us next inquire what value 8W assumes if we also 
vary the initial and the final positions of the system — 
that IS, the mitial and the final values of the co-ordinates 
3 while the time t remams unvaried throughout 
The answer to this question is obtamed by calculating 
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SIT on the basis of equation (404), exactly on the lines 
there followed, by means of mtegration by parts, only 
the circumstance need be taken into account that the 
variations 8 ^ 2 ? vanish at the limits 

of the integral We thus obtain, if we use the equations 
of motion (405) for the closed system (0 = 0) 


STf = 2; 


-0gi 



= i7 




h 


^0 


(416) 


According to our above remarks, we may regard TT as a 
definite function of the initial co-ordinates, the final 
co-ordmates and the times and If from now on we 
call the mitial co-ordinates g-i”, g'a®, and the final 
co-ordinates q^, q^, , then, smce the time is not 

subjected to variation 




and comparison with (416) gives 


m 

32i 


= i>v 



(417) 


dW 

9^1® 


■ V. 


dW 


-Pz> 


(418) 


We s ba.11 now also take the dependence of the mtegral 
of action W on the time into consideration , and hence- 
forward we shall denote the time t-^ by t for brevity 
From (414) we have for this dependence 


dW 

dt 


= L 


(419) 


where the differentiation of W is to be “ total ” — ^that is, 
such that the co-ordmates q^, q^, change with the time 
t m accordance with the actual motion, while the initial 
co-ordinates q-^, q^, as well as are kept constant. 
That IS, we have 
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dW 

•where now refers to “partial” differentiation, the 

co-ordinates being kept constant If we take into 
account (417) and (419), the last equation gives 

dW 

+ PlSl •+■ P2S2 + —Z= 0 , 


or, by (409) and (407) 


di 


+ 1 ^= 0 . 


If we here regard the energy, as in (413), as a known 
function of the p’s and g’s, which we shall indicate by 
means of the term and replace the momentum 

co-ordmates p m it by their values in (417), the last 
relationship runs 

0 (420) 

d, 

It shows that the mtegral of action W, regarded as a 
function of gi, ^ 2 , t, satisfies a definite 

partial differential equation — ^the Hamilton-Jacobi dif- 
ferential equation 

§ 1286 Exactly as we can prove the validity of the 
differential equation (420) from the expression for the 
action mtegral W for a definite motion, so conversely by 
integratmg (420) we can find a function W which re- 
presents the action mtegral of a motion, and closer 
mspection shows that every mtegral W of the differential 
equation, which contams besides the variables q^, t 
and the additive integration constants ]ust as many 
constants of integration a^, Kj, as the system in 
question has degrees of freedom, gives the general mtegral 
of the equations of motion (413) If by (417) we write, 
assummg that such a function W has been found 

dW 

dqg, ^ 2 : 


dW 

9?i 


( 421 ) 
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and remembering that, by (4:18) 



a«, “ 


(422) 


then we have altogether for n degrees of freedom 2n 
equations, which may serve to calculate the 2n variables 
Qv Pv functions of the time t and the 

2n integration constants a^, , Pi, pg? 

equations of motion (413) 

The fact that when (420), (421) and (422) are valid the 
equations of motion (413) are also satisfied may easily be 
shown m the followmg way If we differentiate the first 
equation (422) '' totally ” with respect to t, we get 


or 


dt \0ai / ’ 


dW V dW dq^ ^ 

doL^dt i dcx,idqi dt 


(423) 


where the summation is to be extended from 1 to In 
the same way, n — 1 further equations follow, which 
together with (423) enable us to calculate the n velocities 
2 

On the other hand, we get by differentiatmg (420) with 
respect to a^, usmg (421) 


dW ydJSd^W 


(424) 


and, m a correspondmg way, the n — 1 other equations, 
so that from these n equations we can calculate the n 
dJEJ 

quantities ^ uniquely But the coefficients m the 

systems of equations (423) and (424), the second partial 
differential coefficients of W, are absolutely identical 
Hence it follows that the n roots of the equations are also 
identical — that is, that for every i 
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and so the first half of the equations of motion (413) is 
satisfied 

Concerning the second half, it follows by differentiating 
(420) with respect to that 


^ ^ ydE dm 

dq-idt dq-i ^ d^idqidqi 


or, by (425) • 


or finally 


02Tf ^ d^W dq^ dE 

^q-^t T dt dq^ ^ 


dfdW\ 
dt \dqx / 


-^dq. 


= 0 , 


from which, by (421), the validity of the other half of the 
equations is established 

The equations (422), although related in form to the 
equations (418), are essentially more general, because the 
constants a need not be the mitial values of the co- 
ordinates q 

§ 128c Since in the Hamilton-Jacobi differential equa- 
tion (420) the time occurs only as a differential, it admits 
of an mtegral of the foim 

W (426) 

where V depends only on the co-ordinates q^, q^, and 
the constants a^, We then obtain for the 

function V the condition 


0(1 


= 0 


(427) 


Here the constant represents the total energy of 
the system The equations (421) and (422) then become 

0F 0F 

and 

dV _ „ 87 


dai 


= ^ + Pi) 


Boc, 


P2> 


(429) 


The integration of (427) can sometimes be successfully 
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effected by separating the variables — ^namely, when the 
left-hand side of the equation may be represented as a 
function of n arguments, each of which depends only on a 
single co-ordinate and the correspondmg differential 


0 P 

coefficient ^ Then we may set each individual argument 
equal to a constant a Further, we may assume 


7=71+72+^3+ +7n (430) 


where each of the quantities Fi, F 2 , depends only 
on a single co-ordinate , thus 

?7_^2 (431) 

0^1 03i’ 0^2 ag-a’ 

and so we obtain for each of these functions a special 
differential equation which may be solved by direct 
integration 

§ 128c? As a simple example of the application of the 
Hamilton- Jacobi differential equation we consider the 
planetary motion already treated in § 52 et seq , and we 
shall use the same notation as previously We then have, 
for two degrees of freedom 

= »•, ffa = <i>, 

and further the energy as a function of the co-ordmates 
and velocities 

E = K + U = '^{r^ + (^ 32 ) 

the kmetic potential 

L = ^ (r2 + (433) 

^ V 


the momentum co-ordinates (generalized momenta) 

dL 0L rAOA\ 

= 07 = Pa = (434) 

and the energy as a function of the co-ordinates and 
momenta 


E 


2m 2mr^ 


Pi 


r 


(435) 
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Hence the differential equation (427) here runs 

1 /SFy 1 /3F _ 
2m\dr^ 2'mr^^d<f> ' r ” 


(436) 


(437) 


This equation may he mtegrated by using (430) and 
writmg 

F = Fi + Fa ] 
dV_^2_ 

d<f>~ d</> ~ 

and consequently 

= ^ = .,/2mx I 
dr dr y ^ r r^ 

We then get, if we omit the ummportant additive 
constants 


Fa = a.2<f> 

Fi = J V 2mair^ + 2fm^iir — aa^ y 
and from (428), (429), (434) and (437) 




^Jl 

dr 


= 2ma.i 


+ 


2/mV 




0Fi 


Pa = = 

0Fi 


Sa, 




3^2 __ 

d<i> 

mr dr 


V 2mair2 -f 2/m‘^ju-r — 
ag dr 

r V 2mair^ + 2fm^ixr — 

+ 2maia2^ 


(438) 

(439) 

(440) 

(441) 

(442) 


These four equations show themselves to be fully 
identical m form with the equations of § 53, if wo set 


me 


“i = “2 = »wc', Pa = c' 
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§ 129 In nature neither the expression for the energy 
nor that for Lagrange’s function is directly given Hence 
in applying the theory it is of the greatest importance that 
there is yet another theorem of very general character, 
which also holds the principle of the equality of action and 
reaction We have hitherto introduced and used this 
principle only for point-systems at rest Moreover, the 
argument by which wo made its vahdity m nature plausible 
(§ 29) caimot be applied to pomts which are movmg 
aibitrarily and whose distances vary with the time, 
particularly when non-conservative forces, such as 
friction, come into consideration 

Hence it is doubly important to convince ourselves that 
the principle of action and reaction is mtimately connected 
with the umversal principle of the conservation of energy , 
this is accomphshed by means of the prmciple of relativity 

(§ 59 ) 

Por let us imagme two material pomts 1 and 2, between 
which some forces or other act, movmg in an arbitrary 
way Then by (147) the change m the sum of the amounts 
of VIS viva which occur m the time dt is 

dK = Xydx^ H- Y^dy^ + Z^dzj_ 

■f- X^dx^ -f- Y ^dy^ -f- Z^dz^ (443) 

The principle of relativity states that this quantity dK 
remains unchanged if we pass from the stationary co- 
ordmate system to a co-ordinate system in uniform motion 
by means of the equations (194), no matter whether the 
forces have a potential or not For the prmciple of 
relativity holds not only for mechanical, but for all 
physical events — ^for example, also for the transformation 
of mechanical energy into heat , that is, the amount of 
mechanical energy transformed mto heat is independent of 
any uniform rectihnear motion of the co-ordinate system 
Hence we get the foUowmg relationship for the trans- 
formation of co-ordmates above mentioned, by (443) 

Xidxj^-\- -\-X^dx^-\- =X\dx' i-X\dx'^-\- 
Q 
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-f- “i- "I” — — tCQd/t) -f- 

+ X^idx^ — u^dt) H- 


or 

(Xi + X^Uq + (El + Y + [Zi + == 0, 


a relationsliip which is obeyed for any values of Uq, Wq, if 
we have quite generally 

-^1 ~ ~ ^23 Y^, Zi= ~ Eg (444) 

in agreement with the prmciple of the equality of action 
and reaction 

§ 130 The full meaning and fruitfulness of the principle 
last mentioned come into evidence if we again, as before 
in statics (§ 112), divide all the forces that are active in a 
system of material pomts mto internal and external forces 
If we then also adduce d’Alembert’s principle (§ 66) we 
may immediately enunciate the following theorem 

In every motion of a system of material joints the external 
forces and the inertial resistances are in equilibrium in the 
system supposed rigid 

To clothe this fundamental law in analytical language 
we denote the external forces (driving forces or forces of 
constraint) by Fa Then, in accordance with the con- 
ditions of equilibrium (306) of a rigid body 


S{Fa - mr) = 0 ^(445) 

Z[r, {Fa — mr)] = 0 (446) 


These six equations form the common starting-point for 
the whole mechanics of rigid, solid, liquid and gaseous 
bodies We shall elucidate their meaning by describing a 
few general applications 

§ 131 Equations (445) assume a very simple form if 
we mtroduce the position of the centre of gravity by (287) 
Accordingly we have by differentiating twice with 
respect to the time t 

r^Sm = Zmr 


(447) 
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SO that equation (445) runs 

= 2Wa (448) 

That IS, the centre of gravity of a system of material 
points moves as if the whole mass of the system were 
concentrated m it and as if all the external forces acted on 
it Hence the mtemal forces play no part at all m the 
motion of the centre of gravity 

For example, if we fling any solid or hquid body freely 
mto the air, its centre of gravity moves m the parabola 
which IS prescribed by its initial conditions, so long as no 
external force except the weight of the mdmdual parts of 
the body come mto question 
Even an explosion of the body cannot disturb this 
parabohc path, so long as none of the pieces strikes an 
external obstacle In the same way, the explosion of a 
planet would not prevent its centre of gravity from con- 
tmumg its elliptic motion about the sun 
Only an external force is able to impart an acceleration 
to the centre of gravity 

Even the strongest man, if placed on an absolutely 
smooth surface, is unable to move from his position if he 
IS initially at rest, or to stop if he is m motion From this 
we see the great importance of the friction of the earth’s 
surface, of street pavements, of railway Imes, for moving 
heavy loads When a horse draws a wagon, the force of 
the traces acts with the same mtensity (and not more) 
on the wagon forwards as on the horse backwards, but for 
the wagon this is the only force that comes mto question, 
whereas for the horse the friction also acts, which his hoofs 
experience when pushed agamst the ground and which 
must act m the forward direction and be at least great 
enough to overcome the tension of the traces 
Moreover the question which we proposed earher in 
§ 82 and left unanswered — ^namely, regardmg the way m 
which a restmg rigid body is set into motion by a couple — 
receives the first part of its answer here For by equation 
(448) the centre of gravity of the body remams at rest 
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Thus the motion is a rotation about the centre ot gravity 
But we must not suppose that the axis of rotation always 
coincides with the axis of the couple We shall discuss 
this relationship later in § 149 

§ 132 If no external forces act at all or if the external 
forces satisfy the equation UFa == 0, then by (448) r = 0 
— ^that IS, the centre of gravity moves with uniform motion 
in a straight line (conservation of the motion of the centre 
of gravity) 

We may also formulate this theorem in another way by 
introducing the momenta (§ 128) , we write the integral 
of Zmr = 0 in the form 

Smv == Smq == const (449) 

We call this vector, which is constant in magnitude 
and direction, the “ resultant momentum ” of the point- 
system This IS compounded from the momenta of the 
individual points just like the resultant torceis compounded 
from the individual forces The equation (449) then 
expresses the law of the conservation of momentum or 
impulse A characteristic difference between this law 
and that of the conservation of energy consists m the 
circumstance that momentum is a vector but energy is a 
scalar, that is why the conservation of momentum is 
expressed by three equations in contrast with the one 
equation of the conservation of energy 

An example of the law of conservation of momentum is 
given by the recoil associated with the firing of a cannon, 
m which process the projectile and the cannon move apait 
with momenta which are equal and opposite, since the 
resultant momentum was zero originally and must 
remain zero so long as no external force comes into 
play 

§ 133 As a further example of the law ol conservation 
of momentum we shall discuss the laws governing the 
colhs%on of two material points 1 and 2 moving on the 
same straight line — say, the jr-axis Let their co-ordinates 
be XjL and X 2 >Xi, and their velocities before the collision 
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u-^ and ^2 order that a collision may occur at all we 
must have 

% > ^^2 ( 450 ) 

where the quantities % may be positive or negative 
A collision IS a very complicated process, m which 
mtense forces come into action , these, however, last for 
only a short time and depend to a high degree on, the 
material constitution of the points This makes it the 
more important to derive from general mechanics relation- 
ships of wide application for the magnitude of the velocities 
after the collision 

In the absence of every external force the law of 
conservation of momentum holds for the system of two 
material points 

m-^Ui + m2'2^2 = '^1^1 + ^ 2 ^ 2 ' (451) 

where and denote the velocities after the collision 
To determine u-^ and uniquely this equation is not, of 
course, sufficient For this purpose we require a further 
condition which wdl be different according to the material 
constitution of the points But the following inequality 
must be obeyed m all circumstances 

(452) 

since the points are assumed to be impenetrable 
Among all the possible cases we consider those two which 
are of particular interest as ideal hmitmg cases 

§ 134 Inelastic Collision A colhsion is said to be 
perfectly inelastic when the two pomts do not rebound 
from each other but continue their path as one body 
Hence we have for this case 

%' = ^^2 ~ (453) 

and by (451) 

__ ^ 1 % “I"” (454) 

If the masses are equal, the velocity after the collision 
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IS the arithmetic mean of the velocities before the collision 
If the momenta are equal and opposite, the common final 
velocity IS zero 

In an inelastic collision mechanical energy is always 
lost Let us calculate the amount of this loss The 
difference m the values of the vis viva of the two points 
before and after the collision is 

I (mi%2 — (Wi -f ma) 


or by (454) 


1 

2 


m-i + 


(% - 


(455) 


which IS positive 

According to the universal energy principle, a corre- 
spondmg amount of molecular energy must be gamed in 
the form of heat, deformation or electricity 

The fact that this transformation of energy always 
occurs in one direction, m that of a decrease of the vis 
viva of the motion, just as in the case of friction, already 
points to the controlling power of some universal law, 
which is m itself foreign to the energy -prmciplo , this law 
has received exact expression in the second law of thermo- 
dynamics 

§ 135 Elastic Collision A collision is called perfectly 
elastic when the two material points undergo only tran- 
sitory and not lastmg changes m their molecular con- 
stitution — ^that 18 , are neither warmed, nor permanently 
deformed, nor changed m their molecular energy 

By the prmciple of conservation of energy the sum of 
the amounts of vis viva of the points, bemg the only 
kmd of energy which comes into consideration here, has 
the same value after as before the collision, thus 


I + m^u^) = I (456) 

or 

mi = mg [uW- 
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and by dmdmg by the equation (451), after it bas been 
suitably transposed 

— Vj2 “b (457) 


from which we obtain, in conjunction with (451), the 
values 


, ^ ( m , — ma ) % + 21712%^ ' 

mi + m2 

, _ 2 mi«i — (iWi — m2) U2 

‘ ~ mi -f 


(458) 


which satisfy the inequality (452) if we take (450) into 
account 

If the masses are equal, then we have and 

U 2 = That IS, the velocities simply exchange values 
If IS very great compared with {m<^> >m-y), then 
we get, if we divide the numerator and denominator by 
m 2 

^ 2U2 

U 2 — 


(459) 


This case corresponds with the elastic reflection of a 
material point, moving with a velocity u-^ which strikes a 
wall movmg with the velocity If ^2 = 0, the point 
rebounds from the stationary wall with the same velocity 

Uy, if U 2 — the point comes to rest permanently. 


if the point follows the wall at a gradually 

increasing distance The fact that the prmciple of 
conservation of energy is preserved, although the velocity 
of the point changes while that of the wall remains 
essentially unalteied, is guaranteed by equation (456) 

§ 136 The process involved m a collision has given rise 
to the introduction of the concept of instantaneous forces 
These are forces which differ from zero only durmg an 
extremely short time r, but durmg this time are of such 
magnitude that they produce an appreciable change of 
velocity To find the characteristic features of an in- 
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stantaneous force we assume in the general equations (412) 
the external components of force 0^, 02 ^ instantan- 

eous forces, which act from the time t to the time 35 + r, 
and integrate the equations which refer to the co-ordinates 

9'25 • respect to t from t to t i- r We then 

obtain, if we denote the values referred to the moment of 
time 35 + T by a dash 

rt + r 

^ q^z= 0, Pi —Pi = J 0id^, and so forth (460) 

For on account of the smallness of r the time-integrals, 
which are to be taken over finite quantities, vanish 
Hence, whereas the co-ordinates q themselves are not 
appreciably changed by the instantaneous forces, since 
the velocities always remain finite, the momenta (and with 
them the velocities) undergo a sudden change, whose value 
IS represented by the instantaneous force in question Thus 
this time-integral is characteristic of the action of the 
instantaneous force , it is called the '' impulse ” ^ly 
of the force 

If, as described in § 128, we use instead of the velocities 
q the momenta jp to characterize the state of a point-system 
in addition to the co-ordinates q, we may imagine these 
momenta to be produced — ^in a way that is easily pictured 
— by instantaneous forces, whose impulses aie equal to 
the quantities p Hence the momenta p are also called 
impulse co-ordinates 

The principle of action and reaction holds for impulses, 
as for all other kinds of force — that is, corresponding to 
every impulse which is exerted on one material point by 
another there is an equally great and opposite impulse 
exerted by the second point on the first 

Let us now also calculate tho work A done by these 
instantaneous forces This work is equal to the change of 
energy E or, what comes to the same thing, to the vis viva 
K, because, by (460), the potential energy is not appreci- 
ably changed by the instantaneous forces Thus 

A^K' - K, 
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and by {4S)la) and (409) 

^ = \ - I ^qxPi 

Since Z" IS a complete homogeneous quadratic function 
of the q's (and of the p's), we have by (409) 

= ^qiPi ( 461 ) 

Consequently we may also write . 

^ = iPi-pi) 

or A = Z ^ (462) 

4 


That IS, the work of the instantaneous forces is obtained 
by multiplying the impulses by the arithmetic mean of the 
velocities before and after the collision 
The advantage of introducing instantaneous forces is 
shown, for example, in deriving the laws of elastic collision 
treated in § 135 Eor this we have by (462) 




"f" ' 


= 0 


On the other hand we have by the prmciple of action 
and reaction 

b + ^2 ^ 

and from this equation (457) follows in a simpler way than 
before 

§ 137 We shall now consider the general equation (446) 
a little more closely, and for this purpose we write it m the 
form 

Sir, mr] = S[r, Fa] (463) 

Let us next take the special case where the right-hand 
side of the equation vanishes, as when no external forces 
at all are acting, thus 

Sir, mr] = 0 (464) 

Each individual term of this sum is called the moment 
of momentum” or the ‘'impulse-moment” {Drehimpuls 
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or Impulsmoment) of the point-mass in question with 
respect to the origin of co-ordinates , and the whole sum 
IS called the '' resultant moment ” of all the momenta, or 
the resultant moment of momentum ” with respect to 
this point The notation, the law of formation and the 
compoundmg of moments of momentum correspond 
exactly, according to §§ 85 to 88, with the laws which hold 
for the moments of forces Similarly, the direction of the 
vector (464) is called the “ axis ” of the resultant moment 
of momentum 

Equation (464) acquires a concrete kinematic meaning 
if we reflect that accordmg to the discussion in § 50 the 
projection of the resultant moment of momentum on to any 
plane described through the origin of co-ordinates— that 
IS, the component of the vector (464) in the direction of 
the normal to this plane — ^is equal to the algebraic sum of 
twice the areal velocity ’’ multiplied by the mass of each 
individual point , these areal velocities are measured by 
the surfaces described by the radius vectors of the points 
in the plane in question, being taken as positive or negative 
accordmg to the sense of the individual rotations If the 
plane selected passes through the axis of the resultant 
moment of momentum, the algebraic sum of twice the 
areal velocities multiplied by the respective masses 
becomes equal to zero, because the component of a vector 
in a direction perpendicular to its own direction vanishes 
But if the plane is perpendicular to the axis, this sum is a 
maximum, being equal to the absolute value of the 
resultant moment of momentum (464) This favoured 
plane which remains fixed in space for all times is therefore 
called the invariable plane and the theorem expressed 
in (464) IS called the '' principle of sectorial areas ” 

If the constant (464) is equal to zero, the resultant 
moment of momentum vanishes at all times But this 
does not allow us, as m the case of the momentum m § 132, 
to derive a law of conservation, because the equation 
cannot m general be mtegrated with respect to the time 
Hence, for example, a person who stands freely on an 
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absolutely smooth surface cannot impart to himself a 
velocity of rotation, but he can effect a turn, say by 
stretching his right arm out sideways, then passmg it 
round in a horizontal semicircle in front, to the left and 
finally drawing it to his side agam This movement, if 
repeated sufficiently often, effects a rotation of the person 
about an angle of any arbitrary size to the nght This 
explanation also accounts for the famous apparent 
paradox of the falling cat, which always manages to drop 
on to its feet 

§ 138 In general, it is not possible to integrate equation 
(463), but it may often be simplified by mtroducmg in 
place of the stationary co-ordmate system a moving 
system whose axes remain parallel to themselves and 
whose origin is at the centre of gravity, m accordance with 
the equations (191), which run, m vectorial form 

r = r' + Vq, r — r' + tq, r = r' + Vq (465) 
where, on account of (287) 

Smr' = 0, Smr' = 0, Hvfiv — 0 (466) 

Smce, further, by (192) Pa = Pa', we get if we substitute 
accented co-ordmates m (463) 

2lr' -1- rg, m(r' -f- ro)] = -f Tq, P/] 
or 

mr'] 4- 2'[ro, mr'] + mro] + 2[rQ, mro] 

= Uir', Pa'] + iJK, Pa'] 

In this equation the second and third terms on the left- 
hand side vanish on account of (466), as we see by cal- 
culatmg any component , but the fourth term is, by (448), 
equal to the second term on the right-hand side of the 
equation, so that we are finally left with 

S[r', mr'] = I![r’, Fa'] (467) 

and this is agam precisely the equation (463), but now 
with accented quantities Its particular importance 
consists m the fact that the resultant moment of the 
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external forces with respect to the centre of gravity often 
has a simpler value than that with respect to an origin 
which IS fixed in space If this moment is equal to zero, as, 
for example, in the case of gravitation, then the principle 
of sectorial areas (464) holds for the relative motion of the 
point-system about the centre of gravity, no matter in 
how complicated a way the centie of gravity may move 
If we throw a heavy rigid body into the air m any way, it 
turns, if we disregard the resistance of the air, in exactly 
the same way about its centre of gravity as if the centre 
of gravity were at rest and no external force were acting 
at all This theorem combmed with the theorem of § 131 
on the motion of the centre of gravity enables us to answer 
fully the question as to how the body moves A similar 
inference may be drawn with regard to the rotation of a 
planet about its centre of gravity 
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§ 139 We shall now apply the general equations of 
dynamics to the motion of a rigid body and shall first 
convince ourselves that in every case the six equations 
(445) and (446) suffice to solve the problem completely 
For if the body is completely fiee it has, accordmg to 
§ 103, SIX degrees of freedom, correspondmg to the six 
equations of motion, in which all the external forces Fa 
are to be regarded as given But if the motion of the 
body IS restricted from the outset by prescribed conditions, 
the external forces partly consist of forces of constramt, 
and the equations which contam these forces of constraint 
cannot serve to determine the motion But we already 
know from § 91 that m the case of equilibrium the driving 
forces alone must always satisfy just as many equations 
as there are degrees of freedom, and it is lust these 
equations, generalized by the addition of inertial resist- 
ances, which also contain the laws of the motion If the 
motion of the body has been determined in this way we 
can derive from the remaining equations the constrammg 
forces which are necessary to maintain the prescribed 
conditions durmg this motion 

§ 140 Let us first take a body which can be rotated 
about a fixed axis , it has one degree of freedom We 
take the axis of rotation as the z-Sixm We suppose the 
driving forces to be given and to be compounded, accordmg 
to § 88, into a single resultant F that acts at the origin, and 
a couple N , m the same way, we shall suppose the forces 
of constraint, which are unknown at the outset, to be 
compounded into a resultant JP' and the couple N' 

Then of the six equations (445) and (446) only the last 

237 
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contains no member winch refers to the forces of constramt 
For by § 91 the forces which keep the 2 :-axis fixed furnish 
no moment of momentum about this axis Hence we 
have for the 2 ;-component of (446) 

(468) 


where the summation is to he performed over all the 
mdividual point-masses or elements of mass of the body , 
and this equation suffices to determme the motion We 
have only to express aU the variables that occur m it m 
terms of the smgle mdependent variable, which determmes 
the position of the body , for this we shall take the angle 
•j), which an arbitrarily selected plane fixed in the body 
and passmg through the x-axis makes with the ccz-plane 
Then, if we mtroduce cylmdrical co-ordinates, as m 
(326a) 


dxi 

dt 


-P,sin^,g 


dt 


= Pi cos ^ 


d(l> 

^di 


(469) 


dzi 

di 


= 0 


J 


where pi denotes the constant distance of the point 1 from 
the z-axis , and by differentiatmg once again, we have 


d^Xi _ 

~d^ ~ 

^^1 _ 
- 




d^Zi 

W 


= 0 


and consequently, by substitutmg m (468) 


(469a) 


(4696) 


This equation of motion has exactly the form of that 
(8) of a pomt-mass moving in a straight line, except that 
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the acceleration is replaced by the angular acceleration, 
the force by the moment of momentum and the constant 
mertial mass by the constant sum which last 

IS therefore called the moment of %nertia J of the body with 
respect to the z-axis 

The equation is therefore mtegratedby methods perfectly 
similar to those used in the case of rectilinear motion 
The method of derivation is still more direct if we use 
Lagrange’s equations of the second kind For the work 
of the external forces m a displacement of the body about 
the angle df is by (327) 

A =N, d<f>, 

and so the external component of force is, by (403) 

On the other hand if we use (469) the Lagrange function 

IS 



(470) 

and so, by (405) 


J<j> = Nz 

as above 

(471) 


§ 141 Now that the motion is determmed by means of 
(471) we get for the resultant force and the resultant 
moments of momentum of the forces of constramt by 
which the axis of rotation is kept fixed or, what comes to 
the same thing, for the resistance which the axis of 
rotation must offer, the following five equations, from 
(445) and (446) 

F' = 2myrj_ - F (472) 

^‘) - N. I 

W© shall here investigate the special case where the 
driving foi?ces are all zero — ^that is, where the body rotates 
with a fixed angular velocity ^ about the fixed 2 :-axis 
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Then F and N are both zero, whereas the forces of con- 
straint F' and N' are determined by the last equations, 
if we omit the terms in F and N in them 

The resultant force of constramt F' may be clearly 
visualized For if we substitute in (472) for the com- 
ponent of the values (469a) we get, m view of = 0 and 
(287) 

Fx = — cos == — 

Fy = — <f>^y 
FJ = 0 

That IS, the resultant force of constraint is equal and 
opposite to the centrifugal force of the centre of gravity 
rotating with the mass Um-^ and the angular velocity 
(p about the axis of rotation — a theorem which also 
follows directly from the principle of the motion of the 
centre of gravity (§ 131) 

If we further assume that the axis of rotation passes 
through the centre of gravity, the resultant force of 
constramt F vanishes entirely, but the moments of 
momentum of the forces of constramt Nx and Ny in 
general differ from zero, being 

NJ = 4'^Sm^yiZ^ ] (474) 

iVj/' = — (^^ZmiXjzJ 

This signifies that even in the present case the axis of 
rotation must be supported by external forces — ^namely, 
by a couple, if it is to remain at rest , or that once the axis 
IS released the body, although no driving forces are acting 
and although the centre of gravity remains at rest, will no 
longer be able to preserve its direction of rotation The 
question as to how the axis of rotation changes belongs to 
a later investigation where wc deal with motion about a 
fixed point 

It IS only in the special case where 

^ SwiiX^z-^ == 0 (475) 

that the external constramt vanishes entirely m the 
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rotation m question, and that the 2 :-axis has the property 
of being a “ free ’’ or a '' permanent ” axis of rotation 

§ 142 Havmg been led m § 140 to form the concept of 
the moment of inertia Smp^ = J of a body with respect 
to a definite axis, we shall now investigate the question 
more closely as to the laws connecting the magnitude of 
the moment of inertia of a definite body with the position 
of the axis For the latter may be chosen quite arbitrarily 
from the outset and mav even lie quite outside the mass of 
the body 

Let us first consider the moments of inertia of a definite 
body with respect to all such straight lines as pass through 
a single point, the origin of co-ordinates 0 The position 
of such a straight line is determined by its direction 
cosines A, fx, v Now, if x, y, z denote the co-ordinates of 
the point-mass m, and r its distance from 0, then 
p = r sin 0, 

where 6 denotes the angle between the radius vector r and 
the straight line (A, [jl, v) , thus 

cos 0 = A -+n - 

^ ' I ^ y* 

Consequently, the moment of inertia of the body with 
respect to the straight line (A, p-, v) has the value 

J — Smr^ sin^ 6 = Umr^ (A^ fj? — cos^ 6) 

/ = A2 Zm [y^ -1- z^) -f- ix^Sm {z^ -i- x^) + v^Zm[x^ + y^) 

— 2fjivZniyz — 2vXZmzx — ^XyiSmxy (476) 

If we now allow the direction of the straight line, and 
hence A, /x, v to vary, the six sums Z remain constant, and 
therefore show that they are characteristic for the magni- 
tudes of the moments of inertia with respect to all the 
straight lines that pass through 0 The last three sums 
are the moments of inertia Jx, Jy, Jz with respect to the 
three co-ordinate axes The last three are also called 
the moments of deviation ” 

A good idea of the manner in which the quantity J 

R 
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depends on A, (m, v may be obtained if we imagine the 


value be marked off 


as a distance from 0 on each 


(hrection A, /i, v passmg through 0. The end-pomts 
17 , ^ of all these distances then constitute a surface, 


whose equation is determmed by the relationships • 


A jji Y — ^ 

VT ^~V7 


together with (476) 

Eliminating A, /x, v from these four equations we get 
for the equation to the surface 


4 - rj^Jy + — 2rilSmyz — 21^^2mzx — 

2^r]Smxy = 1 (477) 


that IS, an ellipsoid whose centre is at the origin , it is 
called the ellipsoid of inertia ” of the body with respect 
to the point 0 

Every point m the whole of infinite space may be 
regarded as the centre of such an ellipsoid of inertia, and 
the moment of inertia of the body with respect to any 
straight Ime which passes through this pomt is equal 
to the reciprocal of the square of the corresponding semi- 
diameter of the ellipsoid 

Since the magnitude of the moment of inertia is inde- 
pendent of the choice of co-ordmate axes, the form of the 
ellipsoid of mertia is also independent of this choice 

The prmcipal axes of the ellipsoid are called the '' princi- 
pal axes of inertia/’ and the corresponding moments of 
mertia the ‘‘principal moments of inertia” The latter 
are at the same time the reciprocals of the squares of the 
semi-axes of the ellipsoid 

The equation to the ellipsoid of inertia assumes a 
particularly simple form if we allow the co-ordinate axes 
to coincide with the prmcipal axes of mertia , in that case 
it runs 

t+t 

a® ^ 62 ^ ~ 
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or, if we denote the principal moments of inertia by P, Q 

JR ’ ’ 

= 1 ( 478 ) 

Comparison with the general equation (477) shows that 
when the piincipal axes of inertia are the co-ordmate axes 
the deviation moments vanish 


Umyz = 0, Smzx = 0, Emxy = 0 (479) 

and from this it agam follows by (476) that the moment of 
inertia of the body with respect to a straight Ime which 
makes direction-cosines A, y, v with the prmcipal axes of 
mertia are . 

J = PA^ + Qy,^ + Pv2 (480) 


The greatest of the three prmcipal moments of inertia 
Pj Q, P, namely that which belongs to the smallest axis 
of the ellipsoid of inertia, at the same time represents the 
greatest moment of mertia which a straight Ime through 
0 can have at all, and conversely If m particular 
^ — Q — R) then J — P, and the ellipsoid of inertia 
becomes a sphere This holds, for example, for the centre 
of a homogeneous body in the form of a sphere or a cube, 
on grounds of symmetry 

The position, the magmtude and the direction of the 
axes of the ellipsoid become changed if the centre of the 
eUipsoid IS displaced In general it may he said that the 
dimensions of the eUipsoid of mertia contract the more 
the further the centre of the eUipsoid is away from the 
body 

If we compare the equations (479) and (475), we find 
that the prmcipal axes of inertia which pass through the 
centre of gravity of the body have at the same time the 
property of free or permanent axes of rotation, and are the 
only ones of their kmd to have this property 

§ 143 We next inquire into the moments of mertia of a 
body with respect to two straight Imes, which do not 
start out from the same point We shaU begm with two 
paraUel Imes If we take one as the z-axis, we may take 
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the second as the 2;'-axis of a second accented co-ordinate- 
system with its axes parallel to the first We then obtain 
for the two moments of mertia that are to be compared 

Jz — Um{x^ + y^), Jz' = + y'^) 

Without loss of generality we may further take the 
plane through 2: and 2' as the a;2:-plane and the origin O' 
to be on the a;-axis The equations of transformation then 
simply run 

x' — }b,y' ^y^z' ^ z, 

where h denotes the distance between the two parallels , 
the moment of mertia with respect to the 2^'-axis becomes 

Jz' ^ Em{x^ H- y^) — EhSmx + h^Sm 

If we now allow the 2;-axis to pass through the centre of 
gravity of the body, Zmx = 0, and the last equation runs 

Jz' = Jz 'i- (481) 

That IS, the moment of inertia of a body with respect to 
any straight Ime is equal to the moment of inertia of the 
body with respect to the parallel which passes through 
the centre of gravity, increased by the product of the total 
mass and the square of the distance of the straight line 
from the centre of gravity (Stemer’s theorem) Hence of 
all the straight Imes parallel to a certain direction that 
which passes through the centre of gravity has the 
smallest moment of inertia, and the remaming parallels 
group themselves aceordmg to their moment of mertia in 
coaxial circular cylmders about this one straight Ime 

This at the same time gives the answer to the general 
question as to the moment of mertia J of a body with 
respect to any arbitrary straight Ime For if M denotes 
the mass, P, Q, R the prmcipal moments of mertia with 
respect to its centre of gravity, then by (460) and (481) 

J = PA^ + 4- Rv^ -}- Mh^ . (482) 

where A, ja, v denote the direction-cosines of the straight 
Ime with respect to the prmcipal axes of inertia, and h its 
distance from the centre of gravity 
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§ 144 We shall now apply our results to the motion of 
a heai^y body which has a fixed horizontal axis of rotation, 
a so-called “ physical pendulum,” in contrast with the 
“ mathematical pendulum ” treated m § 69 In addition 
to the notation there used, we define the position of the 
body by the angle <f> which the plane through the axis of 
rotation and the centre of gravity S of the body makes 
with the vertical plane through the axis of rotation, and 
take as the plane of the diagram (Fig 38) the plane 
through S and perpendicular to the axis of rotation, 
which intersects it at the point 0 Then the driving 
force Mg has the point of application S, and 
its turning moment with respect to the fixed 
axis IS 

— Mgh sin <f), 

where h = SO is the distance of the centre of 
gravity from the axis Accordmgly, by (47 1 ) 

^ - -^9'^ sin 4> (483) 

If we compare this equation with the equa- 
tion (244) for a mathematical pendulum of 
length I we see that they become fully identi- 
cal if we set 



- jL 

~ Mh 


(484) Pig 38 


That is, the motion of a physical pendulum takes place 
exactly like a mathematical pendulum of length I deter- 
mined by (484) Hence this quantity is called the 
“ equivalent or reduced length of the pendulum,” and the 
pomt at a distance Z from 0 on the straight line OS is called 
the “ vibration centre ” or “ centre of oscillation ” O' 

The way in which the distances I and Ji depend on each 
other IS ascertamod as follows 
By (481) we have 

J = /o + 

where Jq is the moment of inertia of the body -with respect 
to the straight line which passes through the centre of 
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gravity S and is parallel to the axis of rotation By 
substituting in (484) we get 


I 




(485) 


hence l>h, as depicted in Fig 38 If we displace the 
axis of rotation to another parallel straight lino, then 
h and I change m accordance with (485), whereas and 
M remain constant 

Even when h becomes very small, as well as when it 
becomes very great (centre of gravity very near to or very 
far from the axis of rotation) the reduced length of the 
pendulum I and with it the time of vibration assume very 
great values , in the latter case the centre of gravity and 
the centre of vibration come close together as in the case 
of the mathematical pendulum There is a minimum of 


Z f or ^ = y 2^5 namely I 


= 2 ^/ 


Jo 

M 


2h 


If we start from any arbitrary value of h, to which a 
certain value of I corresponds, and displace the axis of 
rotation to the parallel through the centre of gravity 
so that we make 





then we get as the new centre of vibration the point which 
IS at a distance from 0' given by 

V ==^1' . (486) 

That IS, the new centre of vibration coincides with 0 and 
the reduced length of the pendulum is the same as before 
The importance of the reversible pendulum depends on 
this theorem 

§ 145 We next consider the motion of a rigid body about 
a fixed point, which hrmgs us to an essentially now class 
of phenomena For whereas the rotation of a body about 
a fixed straight line, as we have seen, oxlubits a certain 
analogy with the motion of a point on a circular aro 
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(physical and mathematical pendulum), the rotation 
about a fixed point is essentially more complicated than 
the motion of a pomt on a spherical surface, because 
here there are three degrees of freedom as contrasted with 
two in the former case 

Let us therefore first get a purely kinematic picture of 
the nature of such a rotation 

We know from § 101 that the rotation about a fixed 
point 0 IS at every moment a rotation about a straight 
line which passes through 0 This straight line will not, 
however, be the same for all times, but will change its 
direction continuously, both in space and in the body — ^that 
IS, not only the angles will change, which the instantaneous 
axis of rotation makes with the co-ordinate 
axes, but also the material points which re- 
present the axis of rotation 

To obtain a clear picture of this we may first 
imagine that the rotation occurs for a finite 
but extremely small time about the instan- 
taneous axis of rotation at each moment, 
and then suddenly changes abruptly to a 
very closely neighbouring axis of rotation 
The directions which assume the part of 
the axis of rotation then form a succession of straight 
lines in space OPi, OP 2 , OP^, (Fig 39) 

On the other hand, those material straight lines, about 
which the rotation occurs in succession, form a seq[uence 
of straight lines in the body OPi, OP 2 , OP^, • which 
we may fix by assigning symbols to their points of inter- 
section Pi', Pg', P3', with the surface of the body 
When those two sequences of straight lines, those fixed 
m space and those fixed in the body, are known, we arrive 
directly at the nature of the motion it is a rotation of 
the body, and hence also of the sequence of straight 
lines OP' that he in the body, about the straight line 
which IS at each moment in question common to the two 
sequences , at the moment taken in the diagram (Fig 
39) this is a rotation about the straight line OPi The 



Fig 39 
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abrupt transition to the next axis of rotation always 
occurs at the exact moment when the next straight Ime of 
the sequence OP' comcid.es with the next straight Ime 
of the sequence OP — ^m the figure, when OP^ coincides 
with OP 2 In this way the axes of rotation OP^, OP^, 
OP come mto action successively, so soon as the 

material straight hues OP^, OP,', OP,', come to 
he m their directions 

If we finally pass from the finite small times and angles 
to the infinitely small values, the two sequences of 
straight Imes become transformed mto two cones OP and 
OP' which touch along a straight Ime, the first of which is 
fixed m space and the second is fixed in the body The 
motion of the body about the fixed point 0 is shown to 
be identical with the rolhng of the cone which is fixed in 
the body on the cone which is fixed in space, the term 
“ roUmg ” bemg apphed to the motion where the straight 
Ime of contact of the two cones remains at rest 

If one of the cones contracts to a single straight line, so 
does the other The rotation then occurs about an axis 
which IS fixed in space as well as in the body 

§ 146 The dynamical laws of the motion are com- 
pletely contamed m the three equations (463) 

Z[r, mr] = N (487) 

where N denotes the moment of momentum of the drivmg 
forces with respect to the fixed point 0 

For the forces of constraint which keep this point fixed 
are unable to contribute a moment of momentum about 
it The difficulty of the problem consists only in referring 
the sum S to the three mdependent variables on which 
the position of the body depends, and to their first and 
second differential coefficients with respect to the time 
We shall here attack this problem directly 

To deal with the position of the body we follow the 
method given in § 100, m order not to lose the advantage 
of symmetry, and mtroduce an accented co-oidmate 
system, which is fixed m the body, by means of the 
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equations (329) There are then six relations between 
the nine direction-cosmes, to These relations may, 
according to requirements, be expressed in the forms 
(331), (332), (333), (334), but may also be formulated in 
other useful ways The most important of these formul- 
ations results if we solve the equations (329) for x', y' , z' 
and then identify them with those equations which result 
from (329) if we simply exchange the unaccented quantities 
in it with the accented quantities and at the same time the 
letters a, p, y with the digits 1, 2, 3 
It then follows that 

.. _ ^273 - 1^372 a _ 72«3 - 73a2 
“l = ^ — J) ~ ’ 

7i = and so forth (488) 



This determinant has a very simple value For if we 
square and add the three equations (488), we get by 
(331) 

= (p^ya - P,y2)2 + (y^aj - + (a2S3 — 

= (oa^ + + y2®)(a3^ +^3^ + y*^) — (a2a3 + + yays)^ 

= 1 


Hence 

£»=!_! (490) 

The sign of D is determined by considering a special 
case For since the direction-cosmes change continuously, 
D IS also contmuous and in view of (490) is absolutely 
constant If wo now make the x'-axis coincident with the 
a;-axis and the y'-axis coincident with the y-axis (a^ = 
1, Pa = 1)> lihen the z'-axis also comcides with the z-axis 
(yg = + 1), smce quite early, m § 100, we also assumed 
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the accented co-ordinate system to be right-handed 
Accordingly the determmant (489) is 


i) = 


1 0 0 
0 1 0 
0 0 1 


= 1 


(49]) 


and retains this value for all positions of the fixed system 
in the body 

Hence the equations (488) become 

<^1 = ^273 ““ (^372 (402) 

and analogous expressions for each of the other eight 
direction-cosines 

The law according to which these nine relations are 
formed becomes clear immediately if we observe that on 
the right-hand side of the equation only those letters and 
digits occur which are absent on the left-hand side 
For example 

72 = <^ 3^1 so forth 


§ 147 Let us next consider the state of the body as 
regards velocities Here, too, we Imk up with the result 
derived m Chapter II, that the most general infinitesimal 
displacement of the body is represented by the com- 
ponents of a rotation with respect to the three co-ordniato 
axes We also adopt the notation of § 100, but shall now 
take 7], ^ to stand, not for the infinitesimal angles of 
rotation themselves, but for the finite ratios of these 
angles to the element of time dt, which we find it apjiro- 
priate to call the components of the velocity of rotation with 
respect to the co-ordmate axes x, y, z Instead of the 
equations (336) we then get 






-(P: 




^ I Q *^“3 
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and instea,d of the equation (335) we get the analogous 
equations 

dci. daL2 , doLri 

^ (^94) 

The ratios of the components rj, ^ agam determme 
the direction of the axis of rotation, and the absolute 
value of the vector determines the value of the velocity 
of rotation ^that is, the ratio of the mfinitesimal angle of 
rotation to the clement of time dt 

n> = + + + (495) 

As in the case of every vector so also m that of the 
velocity of rotation the component in any arbitraiy 
direction is obtained by multiplying the three quantities 

7), I individually by the correspondmg direction -cosmes 
of the direction m question, and by adding together the 
products so obtained We also obtam according to the 
same rule the components of the velocity of rotation in 
those directions which the accented co-ordmates assume 
at the moment in question 

*^1^ I' Pi^ + Yii = 

«2f -I- Pa’? + = v' ■ (496) 

“3^ ^ Pc’? + Yil = I' , 
or, as immediately follows from them 

^ = ai^' + ajTj' + ag^;' 1 

’? --= Pif + Pa’?' 4 Par [ (497) 

t = yif + Y^rj' H- I 

The notation has again been chosen in such a way that 
the unaccented quantities y, ^ correspond to the iotters 
a, p, y and the accented quantities to the digits 1, 2, 3 
Wo usually call f , 7 ]', C the components of the velocity 
of rotation of the body with respect to the accented 
co-ordmate axes But this term is to bo used with caution, 

since the body is fixed in the accented co-ordinate system 
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and hence has the velocity of rotation zero with respect 
to it throughout 

Introducing the components of the velocity of rotation 
gives us the important advantage that the time differential 
coefficients of all nine direction-cosmes ya may 

be expressed conveniently and symmetrically in terms 
of these three quantities Hence, for example, by (496) 
and (492) 

“i’?' - “2^ = M + Yit) - a2(ail + Pi’? + nO 

= YaV — Ps^ (497a) 


and further, by 493 

= Yzi; 


doL-. , dao dcc^ 


+ 


doc-^ I Q ^^2 

— + 92 21 


= a, a. 


1^3 


dcL^ 

dt 


doL. 


+ (1-^3^) 


^dt 

cZoCo 


CZ0C3 

dt 



Therefore 

^ = a-iq' - aaf (498) 


and, correspondingly, eight other relations, the law 
according to which these expressions are constructed is 
characterized by the fact that on the right-hand side of 
the equation only that letter occurs which also appears on 
the left-hand side (a m (498)), whereas conversely just 
those digits occur on the right which are missing on the 
left (1 and 2 in (498)) 

Parallel with these nme relations we have, by (497a), 
the other nme of the form 

^ =Yzl — p 3 ^j and so forth (499) 


m which the letters a, p, y and the digits 1, 2, 3 have 
exchanged roles 

The perfectly analogous construction of the accented 
and the unaccented components of the velocity of rotation 
IS also shown m the relationships by which the tj', ^”s 



IV 


DYNAMICS OP A RIGID BODY 


253 


are expressed m terms of the differential coefficients of 
the a, p, y’s We arrive at them by combining (496), 
(492) and (499) 


= (^273 — %y2) ^ + (72=^3 — 73*2) V + (“2P3 — a3p2) t 

= «2 (^3^ - 73'»?) + p2 ( 73 I - ^zl) + 72 (aji? - P,^) 
dcct, 


r 


' dt 




^ and so forth . (500) 


which IS completely analogous to (493) 

Correspondmg to the three equations (494) there are the 
foUowmg three 

“ 1 ^ + + 7 i^- = 0, and so forth (501) 


§ 148 We are now sufficiently well prepared to reduce 
the three equations (487) directly to toims of the in- 
dependent Variables We write the fiist of them in the 
form 


d „ { dz 


dt 





(502) 


and introduce m place of the unaccented co-ordinates 
X, y, z of the point mass m the accented co-oidmates, 
since the latter do not depend on the time We accomplish 
this by means of the equations (329) and their derivatives 


dx , da., 
di dt 


+ 2/' 


/ da2 

(It 


+ 


, daj 

dt 


(503) 


and we get for the sum m (502) a number of terms in 
which the dircction-cosines and thoir dorivativos esan bo 
placed m front of the summation sign 2 Tlio six (luan- 
titles 2mx^y\ 2my'z\ 2mz'x' 

alone remain after the sign, and they arc all independent 
of the time 

If from now on wo allow the accented co-ordinate axes 
to coincide with the principal axes of inertia of the 



254 


GENERAL MECHANICS 


CHAP 


body with respect to the fixed point 0, then by (479) the 
last three sums vanish and of (502) there only remains 



or if we mtroduce rj\ from the relations (498) and 
take into account (492) 

^'ynx'^ + (ocg^' + Smy'^ + 

+ oca-J?') Smz'^} — Nx 

and finally, if we agam, as in § 142, denote the principal 
moments of mertia by P, Q, B and correspondingly write 
the three components of the velocity of rotation referred 
to the prmcipal axes of inertia thus 

= r-n . (504) 

then we have 

~ (aipP + c^^qQ + oc^rB) 

likewise 

^ (Pl^P + 

and. 

+ y^'^B) 

Although these three equations are constructed very 
simply and compactly, they have the disadvantage that 
the nme direction-cosines occur in them We can got 
rid of them by multiplymg the equations in turn by the 
correspondmg direction-cosmes and adding them together 
^that IS, by referrmg the equations of motion to the 
accented co-ordmate axes instead of to the unaccented 
co-ordmate axes We then get, by first multiplying by 
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Pi> Yi and afterwards adding, taking into account 
(501), (500) and (504) 



p 

dt ' 

-{Q- R)qr = Nx' 

Similarly 

0^- 

^dt 

-(R- P)tp = Ny 

and 

1 

- (P - Q)m = Nz' 


These are called Euler’s equations of motion Their 
characteristic feature is the second term on the left-hand 
side, by which they are distinguished from the equation 
for the rotation about a fixed axis, and which cause the 
perturbations of the axis of rotation 

§ 149 We shall now consider some special applications, 
the first bemg the case where the body is initially at rest — 
that IS, the initial values q^, all vanish The question 
IS about which straight line will the body begin rotating 
under the action of the given forces * 

Smce the direction ratios of the axis of rotation with 
respect to the princqial axes of inertia are represented in 
general by the ratios p q r, and since for a sufficiently 
short time t 





we have at the beginning of the motion 


t, 



This equation also completely disposes of the question 
w ic was left unanswered at the end of § 131 concerning 
the nature of the motion into which a couple sots a free 
ngid body origmally at rest Wo there saw that the 
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centre of gravity of the body remains at rest , hero we 
have found the direction of the initial axis of rotation 
This direction comcides with the direction of the couple 
N only if either the three principal moments of meitia 
are equal to one another or if the axis of the couple is a 
principal axis of inertia Then the two other components 
of N are equal to zero 

In general, the relationship between the direction of the 
couple and the direction of the initial axis of rotation can 
be clearly visualized by means of the ellipsoid of meitia 
For the direction of the axis of rotation is the conjugate 
diameter to the plane of the couple with respect to the 
ellipsoid — ^that is, it is that diameter of the ellipsoid at 
whose end-point the tangential plane is parallel to the 
plane of the couple For the tangential plane of the 
ellipsoid (478) at the extremity of the diameter p (J r 
has the direction Pp Qq Rr as its normal, and by (507) 
this IS also the direction of the axis of the couple N 

§ 150 We next consider the special case where for a 
given initial state the turning moment N of the external 
forces completely vanishes, as, for example, when the body 
IS supported at its centre of gravity or when no gravita- 
tional force acts at all Then Euler’s equations simplify 
to 

P^^-{Q-E)qr = 0 (507a) 

We first mquire into the condition that the rotation 
shall always occur about the same axis. Then, as wo 
have already seen m § 145, this axis remains fixed both 
m space and in the body, and the rotation takes place 
with constant velocity, m accordance with the principle 
of VIS viva So p, q, r are constant, and, from (507a), it 
follows that 

{Q — E)qr = 0 

together with the two corresponding eq^uations These 
three conditions require either that P = Q = M — ^that is, 
the central elhpsoid becomes a sphere — or, for any arbitrary 
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body, that two of the components jp, q, r be equal to zero — 
that IS, that the motion occurs about a principal axis of 
inertia— a result which agrees exactly with that derived 
at the end of § 142 m a much simpler way 

In the general case, with any initial state, the three 
equations (507a) admit of two simple integrations By 
multiplying by q>, q, r and subsequently adding up wo get, 
by mtegrating 

Fp“ + Qq^ + Br^ = (508) 

and by multiplying by Pp, Qq, Er we get in the same way 

P2pZ ^ 2^2 ^ q'2 (509) 

We easily convince ourselves that (508) expresses the 
prmciple of vis viva and (509) the principle of sectorial 
areas For according to the former prmciple the vis viva 
of the rotation, being the only kind of energy present, is 
constant, that is, by (470) and (480) 

A = I = I {P\2 H- QpP + p^2)^2 

= |W + «2^ + -Kr2) =1 (510) 

and according to the principle of sectorial areas the 
equations (505) give, on bemg integrated 

(XipP + a^qQ a,rA = c\ ' 

-I- [3,2(3 + [ (511) 

yjpP + y'^lQ I- y^rR = c\ , 

By § 137 the constants o'r, c'y, c'„ are the components 
of the resultant turning moment with respect to the point 
0, and their ratios c x, c'y, c'x give us the fixed direction in 
space of the axis of the resultant turning moment, which 
IS perpendicular to the invariable plane , and the sum of 
their squares is, by (511) and (509) 

PY + W + = c'x^ + c'/ + cV == c'2 . (512) 

To determme the velocities of rotation p, q, r as functions 

of the time t, we require m addition to (508) and (609) a 
s 
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third integral, this integral may bo obtained without 
sacrificing symmetry by calculating the values oi c/", 
from the two ecjuations mentioned taken in conjunction 
with + g-a + thus 

^2 _ - C\Q + R) + ^ ( 5 , ;}) 

If we now multiply the equations of motion (507a) in 
turn by p, p and add, we get 

d'fi dq di 1 doi® (Q — P , ('lull 

?i+«a+'s-2W-VT^+“e''+ a i'"'' 

and by substituting the values of p, q, 7 iroin (513) 

^ = 2V(A - 0)2) (B - oj‘^) {0 - w2) (515) 

where we have used the abbreviations 



Accordingly co^ is an elliptic function of I , that is, it m 
periodic, and so, by (513), are the components of the 
velocity of rotation with respect to the pimcipal axes of 
inertia 

§ 151 There is a geometrical representation, which can 
be easily visualized, of this generally rather complic.ated 
motion It IS obtained, according to Pomsot, if instead of 
fixmg our attention on the body itself wo consider its 
ellipsoid of inertia, which is rigidly connected witli the 
body and hence rotates with it 

Let us suppose that at any moment chosen at random 
the axis of rotation is OP', where P' denotes its point of 
mtersection with the ellipsoid, the so-called pole of the 
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motion,” whicli has the co-ordinates , y', z' (Fis 40) 
Then by (478) ® 

Px'^ Qy'^ = \ (516) 

and the direction-cosines of the axis of rotation, referred 
to the axes of the ellipsoid, are 

x' y' z' = p q r, where p® -f + j-s = ^2 

Hence if we set the length of the semi-diameter OP' = 
p, we get 

and from (516) 

+ Qq^ + J?^2 = ^ 

In conjunction with (508) this 
gives 

(x=cp (518) 

That IS, the velocity of rotation is 
always proportional to the length of 
the semi-diameter which happens to 
represent the axis of rotation at the moment m question 
Fuither, according to (478) the normal of the ellipsoid 
at the pole P' of the rotation has the direction ratios 

Px' Qy' Hz' = Pp Qq Rr 

The direction-cosuies are themselves therefore, in virtue 
of (509) 

Pp niQi 

c'"’ V ^ ’ 

Thus the normal of the ellipsoid at P ' m general changes 
its direction with respect to the principal axes of the 
ellipsoid But if we multiply these three diiection-cosines 
by a^, Kj, ag, we got, by (511), a constant— that is, the 
angle which this normal makes with the unaccented as-axis 
which 18 fixed in space is constant, and likewise the angle 
with the y-axis and the z-axis Hence the direction of the 
normal remams fixed in space, by § 137 its direction is 



PlO 40 
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nothing else than the normal to the invaiiable plane, 
this plane is accordingly parallel to the tangential plane to 
the ellipse at P' 

But still more The tangential plane to the ellipsoid 
of inertia at the pole P' of the lotation not only always 
remains parallel to itself, but also remains fixed in space 
Bor if we calculate its distance Ti from the point of 
rotation 0 (Fig 40), we get 


h ^ p cos 8 


where S denotes the angle between the diameter OP' and 
the normal to the ellipsoid at P' Hence by (517) and 


(519) 


and in view 


5 P Pp . i 

cos S = - 4 - - 

O) C OJ 

of (508) and (518) 


0? + !: 

c' O) 


Er 

V 


h p 



(520) 


which IS constant 

If we recapitulate these theorems we get the following 
simple picture of the motion The ellipsoid of inertia 
rotates about its fixed centre in such a way that it lolls 
along on a definite fixed tangential plane (§ 145), the 
velocity of rotation always being proportional to the 
distance of the point of contact — ^that is, the pole of the 
rotation, from the centre 

We again observe here that the axis of rotation preserves 
a constant direction only if it coincides with a principal 
axis of inertia, for in every other case the nature of the 
curvature of the ellipsoid forces the axis of rotation OP' 
into ever new positions 

We shall enter a little further into the question of the 
axes of rotation for the present case by linking up with the 
discussion of § 145 The conditions become clearly 
visualized if we imagme the fixed (invariable) plane to be 
blackened, say, with lamp black, so that it leaves its trace 
where it has made contact with the ellipsoid Then the 
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black points P' on tlio ellipsoid define the fixed cone in the 
body, and the points P on the invaiiable plane which 
have parted with their lamp-black define the cone of the 
axes of rotation which is fixed in space 

Let us first consider the points P' on the ellipsoid , they 
form the so-called polhode ’’ Its co-ordinates a;', y\ z' 
satisfy not only the equation (516) but in virtue of (517), 
(509), (518), also the equation 

PV2 + Qy2 + = 1 (521) 

Both equations combined give 

+ (522) 

This IS the equation to the cone of the axes of rotation, 
which IS fixed in the body and which cuts the polhode 
out of the ellipsoid of inertia It is a cone of the second 
order, and so the polhode is a closed curve m a compact 
form The shape of the cone depends for a definite body 
on a single parameter, the quantity which by (520), 
(508) and (509), has the value 


,2 Pf^ + Qq^ + Rr^ 
PY + 


(523) 


To obtain a clear picture we shall choose the notation of 
the principal moments of inertia as follows 

P^Q^R (524) 

so that P corresponds to the shortest and R to the longest 
axis of the ellipsoid of inertia 
Then 

Ph^ > 1, Qh^ 1 1, Rh^ < 1 (525) 

as we easily see from (523) 

Three cases are to be distinguished, according as is 
greater than, less than or equal to ^ 

The corresponding forms of the polhode are indicated 
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m Fig 41, where the axis of the middle moment of inertia 
Q IS to Ibe imagmed perpendicular to the plane of the dia- 
gram The polhode consists of two separate parts which 
lie symmetrically on both sides of the centre 0 According 
as Qh^ IS greater than or less than 1, the polhode surrounds 
the i?-axis or the P-axis , that is, the axis of the smallest 
or the axis of the greatest moment of inertia , but it never 
encloses the axis of the intermediate principal moment of 
inertia In the limiting case Qh^ = 1 the cone (522) 
degenerates into the two planes 


_ + / P(-P - Q ) 
\ rIq - 


B) 


(526) 


and the polhode consists of two ellipses which intersect 

each other at the extremities 
of the intermediate principal 
axis of inertia (indicated by 
straight lines in Fig 41) , these 
are the points of contact of the 
ellipsoid with those tangential 
planes which are at the distance 
1 



R 


h = 


VQ 


from the centre 


Correspondmg to the geometrical conditions just 
described we have the particular features of the physical 
processes Durmg the motion of the ellipsoid the pole of 
the rotation P' advances on the polhode defined by the 
initial state, but not, of course, in the sense of an ordinary 
motion of a material point on a curve What moves is not 
the matter of the pomt P' — ^f or this is at rest at the moment 
of rotation — ^but rather its property of being the pole of the 
motion We here agam have a good example of the 
concept of motion which was described in § 1 
If the pole P' is situated initially at the extremity of a 
prmcipal axis of inertia, it remains there for all time, 
correspondmg to its property, which has been repeatedly 
estabhshed, of being a free axis of rotation But we here 
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again recognize an essential difiEerence between thebehaviour 
of the axis of the greatest and that of the least principal 
moment of inertia as compared with that of the inter- 
mediate principal moment of inertia For if the pole P' 
does not exactly coincide with the extremity of the P-axis 
or the i?-axis, but only approximately, it remains con- 
stantly near this extremity, since the polhode surrounds 
the axis, as is evident in Fig 41 But if it deviates from 
the extremity of the Q-axis ever so little, the polhode on 
which it pursues its path carries it to great distances from 
its initial position For this reason the axes of the 
greatest and least principal moments of inertia are called 
“ stable ’’ axes of rotation, whereas that of the intermediate 
principal axis of rotation is called an '' unstable ’’ axis of 
rotation 

The curve of the pole of rotation P on the invari- 
able plane, which defines the cone of the axes of 
rotation which is fixed in space, is called a herpolhode ” , 
it is of a more complicated form and, in general, is not 
closed 

§ 152 Let us now again resume our discussion of the 
general case of arbitrarily given external forces and 
besides inquiring into the velocities of rotation q, r also 
inquire into the position of the body at the time t It will 
often be found desirable to express the position, not in 
terms of the nine direction-cosines, but by three mutually 
independent angles, which, of course, entails a sacrifice of 
symmetry 

We adopt this method of expression here First we 
define the direction of the (positive) 2 :'-axis by means of 
the two polar angles 9 (l)etween 0 and tt) and cf) (between 
0 and 27t), as in § 32 

A point on the 2 ;'-axis at a distance r from the origin then 
has the co-ordinates 

X = r sin 9 cos (j> = r 
y r sin 6 Bin <!> = r ^3 
z = r cos 9 
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Thus 

= sin 6 cos (j> 

Pg = sin 6sin<l> ■ (i>27) 

73 = cos 6> 


The 2 :'-axis having been fixed m this way, the accented 
co-ordinate system can still turn about this axis Hence 
we define the direction of the (positive) x'-sixi& by means 
of the angle (between 0 and 27r), which it forms with a 


fixed direction in the {x', 
projection of the (positive) z 



Fig 42 


2/')-plane, namely with the 
-axis on this plane, reckoned 
in the sense of a positive 
rotation about the ;s'-axis 
(Eig 42) 

A point P on the ;s-axis 
at a distance r from the 
oiigin then has the co- 
ordinates 

x' = r sin 0 cos ?/r = ^ 7 i 

2 /' = — r sin 6^ sin i/f = r 
2 ' = r cos 0 = r /3 

, and so 

yi = sm (9 cos i/r ] 

yg = — sin 6 Bin i/jj 


These expressions then also determine the remaining 
three direction-cosmes 


For from the relationships (492) 


— p273 “ p372j P2 = “ yiag 

we get 

ai(l - Ys^) = - yiy3“3 - y2P3 
or 

oci = sin ^ sin ^ — cos (j> cos iff cos 9 ' 

Likewise ~ cos <j) cos iff -f sin (f> sin ifj cos 9 . 

0C2 = sm ^ cos ^ -1- cos ^ sm ?/f cos 0 T ‘ 0 

— cos ^ sin iff — sm ^ cos iff cos 9 ] 

Now we may also express the components of the 
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velocities ol lotation rj, Q oi r{ , le&pectively, 

directly m teims oi the independent angles (j>, 6, ijx and their 
differential coefficients with respect to t, say by means of 
the lelations (493) or (500) We get 



77' = — sm 6 sm — cos 

r' ^ CQd 0 ^ _L 


Any of the general relations derived m § 147 may be 
nsed to test and confirm these expressions ^ 

The three independent angles 6, ijj may also ^ Z' 
be introduced by applying directly Lagrange’s T 
eq^nations of motion of the second kind (405) or / 
Hamilton's canonical equations of motion (412) , 
but on account of lack of symmetry the resulting j 
values are not in a compact form ® 

§ 153 Finally we shall discuss an example in ^3 
which a given cxteinal force is acting For this 
we choose a simple symmetrical toj), which is supported 
at a point O on its axis of symmetry We take the axis 
of symmetry, on which the centre of gravity 8 is also 
situated, as the ; 2 '-axjs, but the upward vortical, as usual, 
as the 2 :-axis (Fig 43) 

If h denotes the distance of the centre of gravity 8 from 
the fixed point 0, and M the total mass of the top, then 
the external force is 


= 0, F„ = 0, F. = ~ 
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Its point of application is 

^0 = Vo = 2 o = % (•'‘'^ 2 ) 

and its moment of momentum 

Nx—— Mgh^^, Nj; = MyM^, Nz = 0 

or 

Nx' = Mghy^, iV/ = - Nz' = 0 

The equations of motion become considerably simplified 
owing to the fact that on account of the symmetry of tlie 
top P = Q To integrate them completely we require 
three mutually independent relationships, and as such we 
choose the simplest, namely the third of the equations 
(505), which when integrated gives 

(YiP + Y^Q)^ + = const (533) 

secondly, the third of the equations (506), which gives 

r = const (534) 

and, lastly, the principle of vis viva, which here runs, by 
(510) and (357) 

I (Pp 2 q. Qqi + + MgzQ = const 

or, hy (532) and (534) 

P(p^ + + 2Mghy^ = const (535) 

To these must be added the general relationships which 
Imk up the quantities p, q, r and y^, y^, y^ 

Suppose that in the initial state the top rotates only 
about its axis of symmetry , that is, for t == 0, let f — 0, 
g = 0, r = ro, and let the axis of symmetry make an angle 
with the vertical, acute or obtuse, according as the centre 
of gravity 8 lies above or below the point of rotation 0 
Then the three equations of motion are 

(/lP + Y%^)P + ^ = cos d TqR 

r = ro 

P(p2 + q^) + 2Mgh cos 6 = 2Mgh cos 9^ 
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Wo now reduce all the variables to terms of the in- 
dependent angles 9, </>, ip, by replacing and by (528), 
and p, q, r by (504) and (531) It then follows that 


P sin^ Ocj) = Rvq (cos Sq — cos 9) (536) 

cos 9 cp -{-ifj =rQ (537) 

P(sin2 9cl>^ + 02 ) = 2Mgh{GOi 9^ - cos 9) (538) 

The first and the third equations enable us to calculate 
6 and </>, and then we can calculate ip from the second 
equation The elimination of (p from (536) and (538) 
gives 



and from this we obtain t as an elliptic integral in 9 
We shall carry the calculation further for the case, 
which IS interesting physically, where the velocity of 
rotation ro is very great, or, more accurately expressed, 
where 

. > > EM ( 540 ) 


since a relationship between magnitudes has a physical 
meaning only when it is independent of the choice of the 


units of measure 
If we now set 

e = 6^ + 6' 


(541) 


it follows at once that 9' is positive IFor, by (538), 0(,< 
e , that IS, the axis of symmetry of the top is steepest at 
the beginning 

Hence on the right-hand side of (539) the second factor 
IS also positive , that is 

J?V(cos dp -cos 9) ^ 

P sin^ 9 


or, in view of (540) 

cos ^0 — cos 0 < < 1, 
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that IS, d' IS small, and thereloie, apimoximatel}' 
cos 6q — cos 6 = 6' sm 6^ 


Substituted m (539) this gives 


WY 

dt > 


6' sin 6n 


(2Mgh 


P sm 00 


which, when integrated, the initial conditions being taken 
into account, gives 

^RrQt\ 


2MPgJismdo 
^ sm 


2P 


(542) 


Thus the angle of mclination 6 of the axis of the top to 
the vertical fluctuates to and fro periodically between 
its smallest value 6^ and a value very little different from 
it, the period being independent of the acceleration due to 
gravitation The greater the velocity of rotation of the 
top, the more rapid and the smaUer the fluctuations 
If we now fix our attention on the angle (f> which the 
vertical plane that passes thiough the axis of the top 
makes with a vertical plane fixed in space, we get for it, 
from (536), (541) and (542) 

d<l> 2Mgh Erpt 
dt Ero 2P 

Integration gives 






(543) 


That is, the axis of the top performs a precession,” in 
which its vertical plane constantly rotates in a definite 
sense, with an angular velocity which varies iDeriodically 
from a zero to a maximum value and which is independent 
of the angle of inclination of the axis of the top to the 
vertical In this case, too, the fluctuations occur the more 
rapidly and are the smaUer, the greater the velocity of 
rotation, whereas the mean angular velocity decreases as 
the number of rotations mcreases 
The sense of the precessional motion corresponds with 
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tlie sign of fo Thus if ro>0, the centre of grayity 8 on 
Fig 43 moves away from the reader We can characterizie 
the relationship between the direction of the gravitational 
force, the position of the centre of gravity, the sense of 
the top’s motion and the processional motion in a manner 
independent of the choice of the directions of the axes by 
the simple theorem that m the processional motion the 
positive direction of the axis of the top moves towards the 
positive direction ot the turning moment due to the 
gravitational force The latter passes from the front 
to the rear in Fig 43 

This relationship of course persists if, m place of the 
force of gravity Mg, any other force F, say a blow, acts at 
any point 8 of the axis of the top 

A convenient way of visualizing the content of the last 
theorems is to observe an ordinary toy top, which has been 
set into rapid rotation and placed with its lower point on 
the floor so that the axis makes any arbitrary angle with 
the vertical 

For since the rate of rotation is gradually retarded 
through frictional resistances the diffeiont motions that 
correspond to the different values of gradually present 
themselves in succession At first the axis appears to 
stand almost still, whereas actually it is performing very 
rapid fluctuations of small amplitude both in the direction 
of the vertical as well as perpendicularly to it It then 
slowly begins to process in the sense above indicated At 
the same time its inclination to the vertical begins to 
fluctuate appreciably, first only a bttle and not very 
definitely, but then more and more violently, while at the 
same time the processional motion becomes more a*nd 
more rapid until finally the axis of the top leans over so 
far that a point on the circumference comes into contact 
with the floor 
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